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Abstract. We review and extend the theory of Thorn spectra and the associated obstruction theory for 
orientations. Specifically, we show that for an Erx> ring spectrum A, the classical construction of gliA, the 
spectrum of units, is the right adjoint of the functor 

^ooQoo . ho(connectivc spectra) — * ho(i?oo ring spectra). 

To a map of spectra 

/ -.b^bghA, 

we associate an Eoa A-algebra Thom spectrum Mf, which admits an Eoo A-algebra map to R if and only 
if the composition 

b bghA bghR 

is null; the classical case developed by [MQRT77] arises when A is the sphere spectrum. We develop the 
analogous theory for Aoo ring spectra. If A is an A^o ring spectrum, then to a map of spaces 

f : B ~* BGLiA 

we associate an A-module Thom spectrum Mf, which admits an i?-orientation if and only if 

B BGLiA ~* BGLiR 

is null. Wc note that BGLiA classifies the twists of A-theory. We take two different approaches to the 
Aac theory which are of independent interest. The first involves a rigidified model of A^o (and -Btx>) spaces, 
as developed in |Blum05l IBCS08I . The second uses the theory of oo-categories as described in IHTTI and 
involves an oo-categorical account of parametrized spectra. In order to compare these approaches to one 
another and to the classical theory, we characterize the Thom spectrum functor from the perspective of 
Morita theory. 
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1. Introduction 

The study of orientations of vector bundles and spherical fibrations is a classical topic in algebraic topol- 
ogy, deeply intertwined with the modern development of the subject. In his 1970 MIT notes [Sul05| . Sullivan 
observed that to describe the obstructions to orientability and to classify orientations, one should take seri- 
ously the idea of the "units" of a multiplicative cohomology theory. In order to make such algebraic notions 
about multiplicative cohomology theories precise. May, Quinn, Ray, and Tornehave [MQRTTT] developed the 
notion of an Eoo ring spectrum and used it to describe the obstruction theory for orientations of spherical 
fibrations. Indeed the Thom spectra of infinite Grassmannians such as BO and BU provided their starting 
examples of Eoo ring spectra. It is interesting to recall that the theory of structured ring spectra and "brave 
new algebras" in part had roots in this extremely concrete geometric theory. 

In a forthcoming paper, three of us (Ando, Hopkins, Rezk) construct an Eao orientation of tmf, the 
spectrum of topological modular forms |Hop02[ I AHR] : more precisely, we construct a map of Eoc ring 
spectra from the Thom spectrum MO{8), also known as M String, to the spectrum tmf. That paper 
requires a formulation of the obstruction theory of [MQRTTT] in terms of the adjoint relationship between 
units and E;iJ°r2°° described in Theorem 12. II below. It also requires a formulation of the obstruction theory 
in terms of modern topological or simplicial model categories of -Eqo ring spectra. 

This paper began as an effort to connect the results in [MQRTTT] to the results required by |AHR| . In the 
course of doing this, we realized that modern technology makes it possible to develop an analogous theory of 
orientations for A^o ring spectra. We also discovered that recent work on oo-categories provides an excellent 
framework for the study of Thom spectra and orientations, allowing constructions which are very close to 
the original sketch in Sullivan's notes. 

In this paper we review and extend the theory of orientations of [MQRTTT] , taking advantage of intervening 
technical developments, particularly in the theory of multiplicative spectra and of oo-categories. We recover 
the obstruction theory of ' MQRTTT] , expressed in terms of the adjunction of Theorem 12. 11 and extend it to 
j4oo ring spectra. We also extend the theory to more general kinds of fibrations, such as those which appear 
in the study of twisted generalized cohomology. 

We begin by reviewing the analogy between the theory of orientations and the theory of locally free sheaves 
of rank one. This analogy, which appears in Sullivan's notes, is an excellent guide to the basic results of the 
subject. Modern technology enables us to hew more closely to this intuitive picture than was possible thirty 
years ago, and so it is remarkable how much of the theory was worked out in the early seventies. 

1.1. The Thom isomorphism and invertible sheaves. Let A be a commutative ring spectrum; at this 
point, we remain vague about exactly what we mean by the term. An ^-module M is free of rank one if 
there is a weak equivalence of ^-modules 

If X is a space, and F is a virtual vector bundle of rank zero over X, then let be the associated Thom 
spectrum. A Thom isomorphism for V is a. weak equivalence of ^'^+ -modules 

The local triviality of V and the suspension isomorphism together imply that, locally on X, A is free of 
rank one, and suggest that there is a cohomological obstruction to the existence of a Thom isomorphism. 

Thus let 

A : (spaces) °P (commutative ring spectra) 
be the presheaf of ring spectra defined by 

A(Y) = , 

and let 

= A|opcn(J!f)°P 
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be the associated presheaf of ring spectra on X. Similarly, for U open in in X, let be the Thorn space 
of V restricted to C/, and let Ay be the presheaf of Ax-modules whose value on the open set U is given by 
the formula 

Av{U) = A'^'' . 
An open cover il — {Ua}a£i of X and trivializations 

K:Ul^ (C/„)+ 

of V over iX give equivalences 

AxiUo.) = ^ ) = AviUa). 

Over an intersection Ua/s — Ua HUfs, we have an equivalence of 74.x(?7Q/3)-niodules 

h ^ 
gap ■ AxiUal3) ^ AviUap) > AxiUafs). 

This analysis suggests that we let A/^ be the presheaf on spaces which on Y consists of A(y)-module 
equivalences 

A{Y) ^ A{Y) 

Then the gap are a Cech 1-cocycle for the cover il, with values in the presheaf A/^ , whose class 

[V] eH\X;£') 

depends only on (the isomorphism class of) the vector bundle V. However [V] is defined, it should be both 
the Cech cohomology class classifying the invertible Ax-module Ay and the obstruction to giving a Thom 
isomorphism for V in A-theory. 

The difficulty in making this program precise is at once subtle and familiar, and arises from the suppleness 
of the presheaf A. For example, in trivializing the cocycle gap, one expects to encounter a family of sections 

fa^A^iUa) 

and homotopies 

flp '■ fp - fa9aP (1-1) 

in A^ [Uap X I)- The /^^ will satisfy a coherence condition of their own, and so forth. Thus, we are brought 
quickly to the need for homotopical coherence machinery. 

1.2. Units. The classical approach to addressing these issues goes as follows. Let A be an associative ring 
spectrum, that is, a monoid in the homotopy category of spectra. Following [MQRT77] , let GLiA be the 
pull-back in the diagram of (unpointed) spaced 

GLiA > fl'^A 

(1.2) 

(■kqA)'' > no A. 

If X is a space, then 

[X,GL,A] - {/ 6 A^{X+)\7Tof{X) c {7roAr} = A^iX+)\ 
so GLiA is called the space of units of A, and so a more refined definition oi A^ is 

A^'iX) = mSip{X,GLiA). 



^GLiA — > ft°°A is the inclusion of a sot of path components, so this is a homotopy pull-back. To make the functor 
A H- > GLiA homotopically well-behaved, we should require A to be a fibrant object in a model category of algebras. For the 
model category of A^c ring spectra in Lewis-May-Steinberger spectra, all objects are fibrant, and the simple definition 111.21 
suffices. See [|6]for further discussion on this point. 
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If A is ring spectrum in the sense of Lewis-May-Steinberger, then GLiA is a group-hke A^ space, so it 
has a delooping BGLiA, and the appropriate cohoniology group is 

H\X,A'') = [X,BGLiA]. 

Moreover if A is an ring spectrum, then there is a spectrum ghA such that 

GLiA ~ n°°ghA. 

One could also work in a modern symmetric monoidal category of spectra, such as the S'-modules of 
[EKMM96] or one of the categories of diagram spectra [MMSSOl] . As we discuss in fJ51 in that case we 
should require A to be a cofibrant-fibrant algebra, and then (Proposition 16. 2p the homotopy type of GLiA 
is that of the subspace of the derived mapping space of A-modulc cndomorphisms hom^(A,v4) consisting of 
weak equivalences. This approach is related to the approach studied in |MS06| . 

For now we continue by imitating how one would proceed if GLiA were a topological group, acting on 
the spectrum A. Associated to the group GLiA we would have the principal fibration 

GLiA EGLiA BGLiA, 

and given a map f : X ^ BGLiA, we would form the pull-back 

P > EGLiA 



X — ^ BGLiA. 

One expects that the Thom spectrum associated to / is a sort of Borel construction 

Mf = P xgl.aA, (1.3) 

and that the space of A-orientations of Mf is the space of sections of P/X. To motivate this picture, 
consider the case that G = GLiR is the group of units of a discrete ring R, so that BG, the moduli space 
of G-torsors, is equivalently the moduli space of free i?-modules of rank 1. To a principal G-bundle 

G-^ P^ X 

we can attach the family of free rank-one i?-modules 

TT : ^ ^ P xq X 

parametrized by X; conversely to such a family ^ we can attach its G-torsor of trivializations 

P — — {z ^ ^|z is an i?-module generator of Cir(z)} 
An obvious i?-module associated to this situation, at least if X is discrete, is 

0^, -cohmC. (1.4) 
xex 

If X is discrete then P is the G-space 
and we can also form the i?-module 

Z[P] ®z[G] R- (1.5) 
Here Z[P] is the free abelian group on the points of P, Z[G] is the group ring of G, and the natural map 

Z[G] ^ R 

is the counit of the adjunction 

Z : (groups) < > (rings) : GLi. (1.6) 
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In fact the two i?-modulcs (|1.4p and (|1.5p are isomorphic, as they represent the same functor: 

(i?-modules)(0 e.,T) = [| (i?-modules) , T) (1.7) 

- n(G'-sets)(C,T) 

x<£X 

^ (G-sets)(P,T) 

^ (Z[G]-modules)(Z[P],T) 

^ (i?-modules)(Z[P] i?,r). 

These constructions generahze to give equivalent notions of A-modulc Thom spectrum when A is an Aoo 
ring spectrum. The idea that this should be so is due to the senior author (Hopkins), and was the starting 
point for this paper. For now we set 

Mf = Z[P] ®z[G] R. (1.8) 
and observe that with T = R above we have 

(i?-modules)(M/,i?) ^ (G-sets)(P, i?). 
With respect to this isomorphism, the set of orientations of M f is to be the subset 

(P"modules)(A//, R) (G-sets)(P, R) 



(orientations) (M/, R) ~ (G-sets)(P, G), 

which in turn is isomorphic to the set of sections of the principal G-bundle P/X , as expected. 

Returning to the provisional definition of equation (11.31) . one approach to generalizing to the input of a 
ring spectrum A and a space X is to develop the machinery to mimic that definition, in the form (jl.5p . in 
the setting of Aoo spaces. We carry this out in [JSj 

Another possible approach to this problem involves coming to grips with homotopy sheaves of spectra, 
and construct ^ as a homotopy sheaf of A-modules. If X is a paracompact Hausdorff space, then as in |Seg68| 
or [HTT, 7.1], it is equivalent to consider homotopy local systems of A-modules parametrized by X. 

The parametrized homotopy theory of May and Sigurdsson provides one context for doing so, and they 
have discussed twisted generalized cohomology from this point of view in [MS06] . The apparatus of oo- 
categories provides another setting for such questions. In iJ7] we show how to develop a framework for 
parametrized spectra in the context of the theory of quasicategories of Joyal and Lurie that makes it possible 
to develop the theory of Thom spectra and orientations essentially as we have described it above, with a 
construction of Thom spectra generalizing p.4p . 

As mentioned above, it is remarkable the extent to which these ideas can and have been implemented 
using classical methods. To be more specific, the space BGLiS associated to the sphere spectrum is the 
classifying space for stable spherical fibrations, and if A is an A^c ring spectrum, then the unit S A gives 
rise to a map BGLiS BGLiA. 

Given a spherical fibration classified by a map g : X ^ BGLiS, we can form the solid diagram 

P >B{S,A) >EGLiA (1.9) 



^BGLiA, 
/ 
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in which the rectangles are homotopy pull-backs. In that case, 

Mf = (M.g) A A, 

the space B{S, A) is the space of j4-oriented spherical fibrations, and to give an orientation 

Mg A 

is to give a lift as indicated in the diagram. 

In his 1970 MIT notes [Sul05] (in the version available at'http : //www . maths . ed . ac. uk/~aar/books/gtop . pdf 
see the note on page 236), Sullivan introduced this picture, and suggested that Dold's theory of homotopy 
functors [Dol66| could be used to construct the space B{S,A) of A-oriented spherical fibrations. He also 
mentioned that the technology to construct the delooping BGLiA was on its way. Soon thereafter, May, 
Quinn, Ray, and Tornehave in [MQRTTT] constructed the space BGLiA in the case that A is an Eoo ring 
spectrum, and described the associated obstruction theory for orientations of spherical fibrations. Thus, at 
least for spherical fibrations and Eoo ring spectra, the obstruction theory for Thom spectra and orientations 
has been available for over thirty years. 

Various aspects of the theory of units and Thom spectra have been revisited by a number of authors as 
the foundations of stable homotopy theory have advanced. For example, SchlichtkruU [ Sch04j studied the 
units of a symmetric ring spectrum, and May and Sigurdsson [MS06| have studied units and orientations 
in light of their categories of parametrized spectra. Very recently May has prepared an authoritative paper 
revisiting operad (ring) spaces and operad (ring) spectra from a modern perspective, which has substantial 
overlap with some of the discussion in this paper |May08) (notably Section [3]) . 

1.3. Acknowledgments. We thank Peter May for his many contributions to this subject and for useful 
conversations and correspondence. We are also very grateful to Mike Mandell for invaluable help with many 
parts of this project. We thank Jacob Lurie for helpful conversations and encouragement. We thank John 
Lind for pointing out an error in a previous draft. Some of the results in Section [5] are based on work in 
the 2005 University of Chicago Ph.D. thesis of the second author: he would like to particularly thank his 
advisors. May and Mandell, for all of their assistance. 

2. Overview 

In this section, we give a detailed summary of the contents of the paper and state the main results. 

2.1. The spectrum of units and E^c orientations. We begin in SJSlby revisiting the construction, due 
to May et al. [MQRTY?], of the spectrum of units gliR associated to an Eoo ring spectrum R. Motivated 
by the adjunction (|1.6p . or more precisely its restriction to abelian groups 

Z : (abelian groups) ( > (commutative rings) : GLi, 

we prove the following (see also |May08| ). 

Theorem 2.1 (Theorem 13. 2p . The functor gli participates as the right adjoint in an adjunction 

j^oo^oo . ho((— l)-cormecied spectra) < ) ho(i?oo ring spectra) : gh (2.2) 
which preserves the homotopy types of derived mapping spaces. 

With this in place, in §4] we recall and extend the obstruction theory of [MQRTTT] for £'00 orientations. 
Let R be an Eoo ring spectrum, and suppose that 6 is a spectrum over bghR = Y,gliR. Let p be the homotopy 
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pull-back in the solid diagram 



ghR: 



ghR 



(2.3) 



-> egliR ~ * 



f 



bghR. 

Note that \i B — il°^b and P — fl°°p, then after looping down we have a fibration sequence 

GLiR P B ^ BGLiR. (2.4) 
Note also that an E^o map ip : R ^ A gives a diagram 

ghR >ghA (2.5) 



-> egliA ~ * 



-4- 



where we write ip : bgliR bghA for the induced map. 

Definition 2.6. The Thom spectrum AI — Mf oi f : b ^ bgliR is the homotopy push-out M of the 
diagram of Eoo spectra 

j:^n°°gliR > R 



(2.7) 



where the top map is the counit of the adjunction (|2.2p . Note that the spectrum underlying M is the derived 
smash product 



M = j:tp a 



i?, 



(2.8) 



generalizing the construction ([T 



The adjunction between and gh shows that, for any Eoo map ip : R A, we have a homotopy 

pull-back diagram of derived mapping spaces 



{Eoo ring spectra) (Af, A) 



(i?oo ring spectra) (i?, A) — 
and comparing fibers over ip gives the following. 
Theorem 2.10. There is a homotopy pull-back diagram 

{Eoo i?-algebras)(M,A) — 



y{p,ghA) 
y{ghR,ghA), 

y{p,ghA) 
y{ghR,ghA). 



(2.9) 



That is, the space of R-algebra maps M ^ A is weakly equivalent to the space of lifts in the diagram (|2.5p 
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An important feature of our construction is that it produces a Thorn spectrum from any map b —> bgliR, 
not just from spherical fibrations. To make contact with the classical situation, let S be the sphere spectrum, 
and suppose we are given a map 

g : b ^ bgliS, 

so that 

G = n°°g : B -> BGLiS 

classifies a stable spherical fibration. Using Definition 12.61 we can form the Eo^ Thom spectrum Mg. In SjH 
we show that the spectrum underlying Mg is the usual Thom spectrum of the spherical fibration classified 
by G, as constructed for example in [LMSM86] . 

Now suppose that R is an spectrum with unit l : S —> R, and let 

/ = bghi o g -.b^ bghS -> bghR. 

Then 

Mf ~ Mg R, 
and so we have an equivalence of derived mapping spaces 

y[E^^]{Mg,R) ~ (E^ i?-algebras)(Af/,i?). 
If we let b{S, R) be the pull-back in the solid diagram 

P >b{S,R) (2.11) 

A 

/ 

/ 

/ 

b > bgliS >■ bghR, 

then Theorem 12. 101 specializes to a result of May, Quinn, Ray, and Tornehave |MQRT77] . 

Corollary 2.12. The derived space of E^o maps Mg —^ R is weakly equivalent to the derived space of lifts 
in the diagram (|2.1ip . 

2.2. The space of units and orientations. The authors of [MQRTTT] describe Eoo orientations for Eoo 
ring spectra, and they also discuss not-necessarily Eoo orientations of i?oo spectra. As far as we know, there 
is no treatment in the literature of the analogous orientation theory for A^o ring spectra. 

In Sj5] and in ijTl we give two independent approaches to the theory of Thom spectra and orientations for 
Aoa ring spectra. Our first approach begins by adapting the ideas of the Eoo construction in fj3l In the 
associative case the analogue of the adjunction (|1.6p is 

^ s+ ^ 

(group-like A^o spaces) ; '> {Aao spaces) ( ^ [Aoo ring spectra) : GLi, 
GLi 

where the right-hand adjunction is a special case of [LMSM861 p. 366]. If R is an Aoo spectrum, then we 
have the related adjunction 

E5° : (right 17°°i?-modules) j » (right i?-modules) : 17°°. 

The main difficulty in using this classical operadic approach is that GLiR is a not a topological group but 
rather only a group-like Aoo space, and so it is not immediately apparent how to form the (quasi)fibration 

GLiR — > EGLiR — > BGL\R, 

and then make sense of the constructions suggested in §1.21 

In f}5] we present technology to realize the picture sketched in §1.21 The essential strategy is to adapt 
the operadic smash product of |KM95[ IEKMM96] to the category 5^ of spaces. Specifically, we produce 
a symmetric monoidal product on a subcategory of such that monoids for this product are precisely 
Aoo-spaces; this allows us to work with models of GLiR which are strict monoids for the new product. The 
observation that one could carry out the program of [EKMM96] in the setting of spaces is due to Mike 
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Mandell, and was worked out in the thesis of the second author |Blum05) (see also the forthcoming paper 
|BCS08j i. 

The relevant category of spaces for this product is ^-modules, the space-level analogue of EKMM's S*- 
niodules. Precisely, let L-spaces be the category of spaces with an action of the 1-space C{1) of the linear 
isometrics operad. On this category we can define an operadic product x c which is associative and commuta- 
tive but not unital. The category of ^-modules is the subcategory of L-spaces for which the unit *XcX — > X 
is an isomorphism. The category of ^-modules is Quillen equivalent to the category of spaces and admits an 
operadic symmetric monoidal product. 

In this setting, we can form a model of GLiR which is a group-like monoid, and then model EGLiR 
BGLiR as a quasi-fibration with an action of GLiR. Given a fibration of ^-modules 

f -.B ^ BGLiR, 

GLiR acts on the pull-back P in the diagram 

P >EGLiR 



B U'BGLiR, 

and the S'-module Y.^P is a right S5pGLii?-module. We can then imitate (jl.Sp to form an i?-module Thom 
spectrum. 

Definition 2.13. Given a map of spaces f : B ^ BGLiR, form P as the puUback in the diagram above 
associated to a fibrant replacement in ^-modules of the free map * X£ L_B —>■ BGLiR. The Thom spectrum 
of / is defined to be the derived smash product 

Mf^j:^PA^^aL,RR- (2.14) 

With this definition, we have 

(right i?-modules)(M, R) ~ (right Giii?-spaces)(P, 17°° i?), (2.15) 

where here (and in the remainder of this subsection) we are referring to derived mapping spaces. 

Definition 2.16. The space of orientations of M is the subspace of i?-module maps M R which corre- 
spond to 

(right GLiR~modu\es){P,GLiR) C (right GLiR-modnles){P,n°° R). 
under the weak equivalence (|2.15[) . That is, we have a homotopy pull-back diagram 

(orientations) (M, R) > (right GLii?-spaces)(P, GLii?) 



(right i?-modules)(Af,i?) (right GLiR-modules){P,n°° R). 

To make contact with classical notions of orientation, ior x G B let Mx be the Thom spectrum associated 
to the map 

{x} ^ B ^ BGLiR. 

The map x ^ B on passage to Thom spectra gives rise to a map of i?- modules — M . Then we have the 
following (Theorem 15.381 and Proposition 15. 42p . 

Theorem 2.17. 

(1) A map of right R-modules u : M ^ R is an orientation if and only if for each x G B, the map of 
R-modules 

Mx M ^ R 

is a weak equivalence. 
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(2) If f : B ^ BGLiR is a fibration, then the space of orientations M ^ R is weakly equivalent to the 
derived space of lifts 



B- 



f 



-4 EGLiR 

A 



^BGLiR. 



As for the Thorn isomorphism, just as in the classical situation we have an i?-module Thorn diagonal 

M E^B A M. 

and given a map of right i?-modules u : M ^ R, we obtain the composite map of right i?-modules 



p{u) : M 



S^B AM 



lA/ 



about which we have the following (See [MR81| and [LMSM86i §IX]). 

Proposition 2.18 (Proposition 15.451 see also CoroUarv 17.341) . If u : M ^ R is an orientation, then p{u) is 
a weak equivalence. 

As in the Eoa case, we emphasize that our construction associates an i?-module Thom spectrum to a map 
B — !■ BGLiR, which need not arise from a spherical fibration. To compare to the classical situation, we 
suppose that F arises from a stable spherical fibration via 

F -.B ^ BGLiS l^f±l^ BGLiR. 

Then we can form the Thom spectrum MG using Definition 12.131 (in ^ we show that this coincides with 
the Thom spectrum associated to G as in for example |LMSM86] ). and it follows directly from the definition 
that 

MFc^MGh^R. (2.19) 
We define an i?-orientation of MG to be a map of spectra 

MG^ R 

such that the induced map of i?-modules 

MF R 

is an orientation as above. We then recover the result of Sullivan and of May, Quinn, Ray, and Tornehave 
E^Ml lMQRTTTl . 

Corollary 2.20. Let B(S, R) to be the pull-back in the solid diagram 

P > B{S, R) > EGLiR 



-^BGLiS- 



-^BGLiR. 



B 

Then the space of R- orientations of MG is the space of indicated lifts. 

2.3. Quasicategories and units. As we observed in fjl] the useful notion of GLiR-hundle is that of a 
homotopy sheaf. Joyal's theory of quasicategories, as developed in Lurie's book [HTT| . allows us to be 
precise about this. Specifically, we use this theory in !j7]and [jB]to give an account of parametrized spectra 
(homotopy sheaves), Thom spectra and orientations which is very close to the intuitive picture discussed in 

SI 
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In the new theory, the analogue of BGLiR is i?-hne, the subcategory of the oo-category i?-mod of R- 
modules consisting of equivalences of free rank-one cofibrant and fibrant i?-niodules. To see the virtues of 
i?-line, we note suggestively that it contains all two-simplices of the form 

L— ^ A/ 

9 

where /, g, and h are i?-niodule weak equivalences, and cr is a homotopy of weak equivalences from gf to 
h. This is the sort of data mentioned at (|l.ip . and it exhibits R-Vme as the classifying space for "homotopy 
local systems of free i?-modules of rank 1" (we call them bundles of i?-lines). 

Specifically, for a fibrant simplicial set X, there is an equivalence of oo-categories between maps X — > 
_R-mod and bundles of i?- modules over X. The identity map _R-mod i?-mod classifies the "universal 
bundle of _R-modules" , and pulling back along the inclusion i?-line i?-mod gives the the universal bundle 
of i?- lines. We discuss this general approach to parametrized spectra in detail in Section 

Now suppose that i? is a cofibrant and fibrant algebra in spectra. Let R° be an object of _R-line, and let 

Aut(i?°) =^ R-\ine{R°,R°) C R-mod{R°,R°) 

be the subspace of weak equivalences. It is a group in the oo-categorical sense: as the automorphisms of R° 
in the oo-category i?-line, it is a group-like monoidal cx3-groupoid, or equivalently a group-like A^o monoid. 
Note that R-mod{R° , R°) is the derived space of endomorphisms of R, and so Aut(i?°) is the derived space 
of self weak equivalences of R. We show (Proposition 16.21 and §7.7p that 

GLi{R°) ~ Aut(i?°). 

Now the full oo-subcategory of i?-line on the single object R° is just i? Aut(i?°). By definition, i?-line is 
a connected oo-groupoid (connected Kan complex), and so the inclusion 

BAut(i?°) ^ i?-line 

is an equivalence, and it follows that 

BGLi{R°) ~ i?-line. 

The analogue of EGLiR is i?-triv, the oo-category of trivialized i?-lines: i?-modules equipped with a 
specific equivalence to R. It is a contractible Kan complex, and the natural map 

i?-triv i?-line 

is a Kan fibration, our model for the fibration EGLiR BGLiR. 

In this setting, a map X BGLiR corresponds to a map of simplicial sets 

/ : HooX -> i?-hne, 

where HooX is the oo-groupoid (the singular complex) of the space X. By construction, i?-line comes 
equipped with a universal bundle ^ of i?-lines, and the map / classifies the bundle of i?-lines f*^ over X. 
A lift in the diagram 

i?-triv (2.21) 

Hoo^ — p)- i?-line; 
corresponds to an equivalence of bundles of i?-lines 

f*J2f ^ Rx, 

where Rx denotes the trivial bundle of i?-lines over X. 




12 



ANDO, BLUMBERG, GEPNER, HOPKINS, AND REZK 



In analogy to (|1.4p . we have the foUowing. 
Definition 2.22. The Thorn spectrum Mf of / is the cohmit of the map of oo-categories 

UooX ^ i?-Une -> i?-mod. 

Note that the cohmit is the same as the left Kan extension along the map to a point, so this definition is 
an analogue of the May-Sigurdsson description of the Thom spectrum as the composite of the pullback of a 
universal parametrized spectrum followed by the base change along the map to a point |MS061 23.7.1,23.7.4]. 
Using this definition, it is straightforward to prove the following. 

Theorem 2.23. The space of orientations of M f is weakly equivalent to the space of lifts in the diagram 
(|2.2ip . equivalently, to the space of trivializations 

f*^^Rx. 

This definition also implies the following characterization, which plays a role in !j8]when we compare our 
approaches to Thom spectra. Recall that Aut(i?°) = -R-line(i?°, R°) is a group in the cx)-categorical sense: it 
is a group-like monoidal oo-groupoid, or equivalently a group-like Aoc monoid. In general if G is a group-like 
monoidal cxD-groupoid, then it has a classifying oo-groupoid BG. 

Proposition 2.24. Let G be a group-like monoidal oo-groupoid. Then the Thom spectrum of a map BG — > 
i?-mod is equivalent to the homotopy quotient R°/G. 

The Proposition follows immediately from the construction of the Thom spectrum, since by definition the 
quotient in the statement is the colimit of the map of oo-categories 

BG -> i?-hnc R-mod. 

In these introductory remarks, we have taken some care to relate the cx)-categorical treatment to other 
approaches. In fact, as explained in |HTT| [PAGIl IDAGII] . it is possible to develop the oo-categories of 
of spectra, algebras in spectra, and i?-modules entirely in the setting of quasicategories, without appeal to 
external models of spectra or even of spaces. We take this approach to Thom spectra and orientations in 
SjTl It leads to a clean discussion, free from distractions of comparison to other models for spectra. We also 
hope that it will serve as a useful introduction to the results of jPAGI] . 

For the reader who prefers to begin with a classical model for spectra, in SjB]we recapitulate some of the 
discussion in [jTl building the oo-category i?-mod from a monoidal simplicial model category of spectra. We 
make use of some basic results from [HTT| , but do not require anything from [DAGIi IDAGIIj . We hope that 
this section offers a useful introductory example of doing homotopy theory with quasicategories. 

2.4. Comparison of Thom spectra. So far we have given three constructions of Thom spectra. Definitions 
12.61 12.131 and l2.22l In section [JSJ we compare these notions to each other and to the Thom spectra of Lewis- 
May-Steinberger and May-Sigurdsson [LMSM86[ [MS06j . 

An inspection of Definitions 12.61 and 12.131 shows that the following result is a consequence of the familiar 
fact that, if Mf is the homotopy pushout in a diagram of i^oo ring spectra 

'E^n°°ghR > R 



^•^n°^p > Mf, 

then the spectrum underlying Al f is the derived smash product 

Mf^j:^n^pA^^^^gi^j,R. 

Proposition 2.25. Let R be an E^o ring spectrum, and let f : b ^ bgliR be a map. The spectrum underlying 
the Eoc Thom spectrum Mf of Definition \2.^ is equivalent to the spectrum Mfl°°f of Definition \2. 13l 
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Given this simple observation, our main focus in Sj5]is on comparing the A^o construction of Defimtion l2.13l 
and ijni the quasicategorical construction of Definition l2 . 221 and ^Zl and the constructions of [LMSM86llMS06| . 

In (see Proposition I7.38P we show that BGLiR ~ i?-hne, so in ij8] we focus on more conceptual 
matters. Essentially, we are confronted with topological analogues of the two definitions (|1.4p and (jl.Sp . 
Definition 12.131 associates to a fibration of ^-modules f : B ^ BGLiR the pull-back in the diagram 

P > EGLiR 



B — ^ BGLiR, 

The Thom spectrum is then defined to be 

Definition 12.221 associates to / the (cx)-category) colimit of the map 

Hoo-B ^ U^BGLiR ~ B Aut(i?°) ~ i?-linc ^ i?-mod. (2.26) 

The c»-categorical setting makes it possible for the comparison of these two constructions to proceed 
much as in the discrete case, discussed in §1.21 (see ()1.7|) V Just as a set X is the colimit of the constant map 

X = colim(X (sets)), 

so if X is a space then it is weakly equivalent to the cxD-categorical colimit of the constant map 

X ~ cohm(noo-'i^ — ^ (spaces)), 

where (spaces) denotes the cxD-category of spaces. More generally, if P ^ i? is principal G-bundle and 
(free G-spaces) is the oo-category of free G-spaces, then 

P ~ colim(noo-B ^ (free G-spaces) ~ BG); 

in our setting this becomes 

P ~ colim(nooB (GLii?-spaces) ~ BGLiR), 
and so T,^P A^^gLiB. R is the colimit of 

UocB ^ Uoc.BGLiR ~ (GLii?-modules) il±l:i^ (S^GLiE-spaces) ^ ^''^^ol.rR^ R-mod. (2.27) 

From this point of view our job is to show that the two functors (|2.26p and (|2.27p 

U^BGLiR ~ i?-line R-mod 

are equivalent, which amounts to showing that in each case the functor is equivalent to the standard inclusion 
of i?-line in i?-mod. 

We develop an efficient proof along these lines in H8.5i However, much of ij8]is devoted to a more general 
characterization of the Thom spectrum functor from the point of view of Morita theory. This viewpoint 
is implicit in the definition of the Thom spectrum in Definition 12.131 as the derived smash product with R 
regarded as an 'S^GLiR-R bimodule specified by the canonical action of S^GLii? on R. Recalling that the 
target category of i?-modules is stable, we can regard this Thom spectrum as essentially given by a functor 
from (right) EjpGLii?-modules to i?-modules. 

Now, roughly speaking, Morita theory (more precisely, the Eilenberg- Watts theorem) implies that any 
continuous functor from (right) I]|iJ°Giii?-modules to i?-modules which preserves homotopy colimits and 
takes GLiR to R can be realized as tensoring with an appropriate {Y,°^GLiR)-R bimodule. In particular, 
this tells us that the Thom spectrum functor is characterized amongst such functors by the additional data 
of the action of GLiR on R. 
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In fJ5]we develop these ideas in the setting of cxo-categories. Given a functor 

F ■ ^/BAut(R°) i?-niod 
which takes */_B Aut(i?°) to R° , we can restrict along the Yoneda embedding (|8.3[H 

BKxxi{R°) -> =^/sAut(/?=) i?-mod; 
since it takes the object of B A\xt{R°) to we may view this as a functor (map of simplicial sets) 

k : BAnt{R°) BAut{R°). 
Conversely, given a map k : B A\it{R°) B Aut{R°), we get a colimit-preserving functor 

F ■ ^/BAnt(R°) i?-mod 

whose value on B ^ B Aut(i?°) is 

F{B/B Ani{R°)) = colim(B -> BAut(i?°) B Aui{R°) ^ R-mod). 
About this correspondence we prove the following. 

Proposition 2.28 fCorollarv l8.13p . A functor F from the oo-category ^/BAut{R) to the oo-category of R- 
modules is equivalent to the Thorn spectrum functor if and only if it preserves colimits and its restriction 
along the Yoneda embedding 

BAut{R°) ^ ^/BAut(fl=) ^ i?-niod 
is equivalent to the canonical inclusion 

BAut{R°) ^ R-\me -> i?-mod. 

It follows easily (Corollarv lS.lSp that the Thorn spectrum functors of Definitions 12.131 and 1 2 . 221 are equiv- 
alent. It also follows that, as in Proposition 12.241 the Thom spectrum of a group- like Aoo map 

<j>:G^ GLiS 

is the homotopy quotient 

colim(i3G i?-mod) ~ RhG- 

This observation is the basis for our comparison with the Thom spectrum of Lewis and May. In ij8.6l we 
show that the Lewis-May Thom spectrum associated to the map 

B(t): BG ^ BGLiS 

is a model for the homotopy quotient S'/,.g, and it follows easily that we have the following. 
Proposition 2.29 (Corollarv l8.27p . The Lewis-May Thom spectrum associated to a map 

f -.B^ BGLiS 

is equivalent to the Thom spectrum associated by Definition \2. 22\ to the map of oo- categories 

HooB UooBGLiS ~ S'-line. 

•^If X is a space, viewed as an oo-groupoid, then the equivalence of oo-categories S /X ~ Fun(X°P, allows us to regard 
the Yoneda embedding as a functor X — > .T/X which, roughly, sends the point p of X to the "path fibration" X^^ X. 
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2.5. Twisted generalized cohomology. Our construction of Thorn spectra begins with an A^o or E^c 
ring spectrum R, and attaches to a map 

f -.X ^ BGLiR 

an _R-module Thom spectrum M/. As we have explained, BGLiR can be thought of as the classifying space 
for bundles of free i?-modules of rank 1 . As such, it is the classiiying space for "twists" of i?-theory. Let Fn 
denote the i?-module function spectrum. Given the map /, the f -twisted R-homology of X is by definition 

rIx =^ noR-mod{Y.'' R, Mf) = TTfeAf /, 

while the f -twisted R- cohomology of X is 

R)X =^ 7roi?-mod(M/, S'^i?). 

If / factors as 

f -.X ^ BGLiS ^ BGLiR, (2.30) 

then as in p.lOp we have 

Mf ~ {Mg) R, 

and so 

Ri{X) = TTfcM/ = nuMg i? = RkMg 

R^f{X) = 7roi?-mod(M/, E'^i?) ^ TToS-mod{Mg, E'^i?) ^ R'^AIg, 

so the /-twisted homology and cohomology coincide with untwisted i?-homology and cohomology of the 
usual Thom spectrum of the spherical fibration classified by g. Thus the constructions in this paper exhibit 
twisted generalized cohomology as the cohomology of a generalized Thom spectrum. In general the twists 
correspond to maps 

X — > BGL\R\ 

the ones which arise from Thom spectra of spherical fibrations are the ones which factor as in (|2.30p . We 
shall discuss the relationship to other approaches to generalized twisted cohomology in another paper in 
preparation. 

3. Units after May-Quinn-Ray 

Let A be an Eoo ring spectrum: then there is a spectrum gliA such that 

~ GLi A (3.1) 

We recall the construction of gliA, which is due to |MQRT77| . Since A is an E^o spectrum, GLiA is a 
group-like Eoo space, and group-like Eoo spaces model connective spectra. More precisely, we prove the 
following result. 

Theorem 3.2. The functors T,°^Q°° and gli induce adjunctions 

S^f]°° : \io[[-l)- connected spectra) i > hoS^[Eoo\ ■ gh (3.3) 

of categories enriched over the homotopy category of spaces. 

In more detail, in > j3.1H3.3l we recall that if C is an operad over the linear isometrics operad, then there 
are Quillen model categories S^[G] and ^[C] of C-algebras in spectra and spaces, and that the adjunction 

: ^ : 

induces by restriction a continuous Quillen adjunction 

E^ : X[C,] = ^[C] y[G] : 
We also recall that if C and D are Eoo operads, then there is a zig-zag of continuous Quillen equivalences 

y[G] ~ y[D], 
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SO we have a robust notion of the honiotopy category of ring spectra, which we denote ho S^[E^]. 

If X is a C-space then ttqX is a monoid, and X is said to be group-like if ttoX is a group. We write 
,5^[C]^ for the fuU-subcategory of group-hke C-spaces. If X is a C-space, then in ii3.4l we define GLiX to 
be the pull-back in the diagram 

GLiX > X 

I 1 

7ro(X)x > TToX. 

The functor X i— > GLiX is the right adjoint of the inclusion 

One of the main results of [May72[ |May74| is that, for suitable Eoc operads C, =$^[(7]^ is a model for 
connective spectra. In H3.5[ we express this result in the language of model categories. Let C be a unital 
operad (i.e. the zero space of the operad is a point), equipped with a map of monads on pointed spaces 

/ : a -> Q. 

Then : 5^ ^ 3" factors through 3'\C\, and we show that it has a left adjoint 

: 3-\C\ 

If the basepoint * C'(l) is non-degenerate, and if for each n the space C(n) has the homotopy type of of 
a I]„-CW complex, then the adjoint pair induces an equivalence of enriched homotopy categories 

Y.^ : ho .9\CY ho (connective spectra) : n°° . 

In i)3.6l we put all this together. For a suitable E^ operad C, we have a sequence of adjunctions (the left 
adjoints are listed on top, and equivalence of homotopy categories is indicated by w) 

: ((-l)-connected spectra) i — ^ ^[q^ ^ > 3[C] x > y[C] : gh . 

fif GLi n°° 

This is our model for the adjunction of Theorem 13.21 

The rest of this paper depends on this section only through the relationship (j3.ip between gli and GLi and 
Theorem l3.2l The reader will notice that our construction of gh and the proof of Thcorem l3.2l mostlv amount 
to assembling results from the literature, particularly |May72[ pay74l [MQRT77 , L MSM86, EKMM96 . We 
wrote this section in the hope that it can serve as a useful guide to the literature. In the meantime May has 
prepared a review of the relevant multiplicative infinite loop space theory [May08| , which also includes the 
results we need. 

Remark 3.4. Theorem 13.21 can be formulated as an adjunction of oo-categories 

J:^n°° : ((-l)-connected spectra) ^[E^oo] : gh ■ 

3.1. Eao spectra. In this section we review the notion of a C-spectrum, where C is an operad (in spaces) 
over the linear isometries operad. We also recall the fact that the homotopy category of E^^ spectra is 
well defined, in the sense that if G and D are two E^ operads over the linear isometries operad, then the 
categories of C-spectra and _D-spectra are connected by a zig-zag of continuous Quillen equivalences. 

If C is an operad, then for fc > we write G{k) for the fc**^ space of the operad. We also write C for 
the associated monad. Let 5^ = 5^u denote the category of spectra based on a universe lA^ in the sense of 
|LMSM86) . Let Z denote the linear isometries operad of and let C ^ £ be an operad over C Then 

CV^\j C{k) Ks, 

fc>0 
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is the free C-algebra on V. We write S^[C] for the category of C-algebras in S^, and we caU its objects 
C-spectra. 

In general C(*) = J^^C{0) is the initial object of the category of C-spectra. We shall say that C is unital 
if C(0) = *, so that C(0) = 5 is the sphere spectrum. 

Lewis-May-Steinberger work with unital operads and the free C-spectrum with prescribed unit, li S V 
is a spectrum under the sphere, then we write C^V for the free C spectrum on V with unit l : S ^ V ^ C^^V. 
This is the pushout in the category of C-spectra in the diagram 

CS > C(*) ^ S 

c\ I (3.5) 

cv > C^V. 

By construction, C* participates in a monad on the category S^g/ of spectra under the sphere spectrum. 
As explained in |EKMM961 II, Remark 4.9], 

§(y) ^syv 

defines a monad on and we have an equivalence of categories 

It follows that there is a natural isomorphism 

C{V) ^ C,§{V). (3.6) 
and f |EKMM96[ II, Lemma 6.1]) an equivalence of categories 

We recall the following, which can be proved easily using the argument of [EKMM961 IMMSSOl] . in 
particular an adaptation of the "Cofibration Hypothesis" of § VII of jEKMM96] . 

Proposition 3.7. The category of C-spectra has the structure of a cofibrantly generated topological closed 
model category, in which the forgetful functor to ,5^ creates fibrations and weak equivalences. If {A — > B} is 
a set of generating (trivial) cofibrations of .y , then {CA —>■ CB} is a set of generating (trivial) cofibrations 

of-nc]. 

In particular, the category of C-spectra is cocomplete (this is explained on pp. 46 — 49 of |EKMM96] ). a 
fact we use in the following construction. Let / : C ^ D be a map of operads over £, so there is a forgetful 
functor 

/* -.yiD] -^y[c]. 

We construct the left adjoint f\ of /* as a certain coequalizer in C-algebras; see |EKMM96l §11.6] for further 
discussion of this construction. 

Denote by m : DD D the multiplication for D, and let A be a C-algebra with structure map fi : CA 
A. Define f\A to be the coequalizer in the diagram of Z?-algebras 



DC A i DA >fA. (3.8) 




DDA 



In fact, it's enough to construct fA as the coequalizer in spectra. Then D, applied to the unit A CA, 
makes the diagram a reflexive coequalizer of spectra, and so f\A has the structure of a -D-algebra, and as 
such is the Z3-algebra coequalizer |EKMM96l Lemma 6.6]. 
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Proposition 3.9. The functor f\ is a continuous left adjoint to /*; moreover, for any spectrum V, the 
natural map 

fCV DV (3.10) 

is an isomorphism. 

Proof. It is straightforward if time-consuming to check that f\ is continuous and the left adjoint of /*; in 
fact, the statement and argument work for any map of monads / : C — > on any category C, provided that 
the coequahzer p.Sp exists (naturaUy in A). 

For the second part, note that if T is any Z3-algebra, then we have 

S^[D]{fCV,T) ^ y[C]{CV, f*T) ^ S^{V,T) = .y[D]{DV,T). 

In the last two terms in this sequence of isomorphisms we have omitted the notation for the forgetful functors, 
and we have used the fact that the diagram 

y[D]^^y[C] (3.11) 



commutes. □ 

Remark 3.12. The reader may prefer to write C for the free C-algebra CV, and then D A for f\A. 
With this notation, the coequalizer diagram defining D ®c A takes the form 

£> (g) C A i D®A !■ D i»c A, 

and the isomorphism of Proposition 13.91 becomes 

D®cCC^V^D(»V. 

About this adjoint pair there is the following well-known result. 

Proposition 3.13. Let f : C ^ D be a map of operads over C. The pair {f\,f*) is a continuous Quillen 
pair. 



Proof. Since the diagram p. lip commutes and the forgetful functor to spectra creates fibrations and weak 
equivalences in C-algebras, /* preserves fibrations and weak equivalences. By Proposition 13.71 C carries a 
generating set of cofibrations of oS^ to a generating set of cofibrations of S^[C]. The isomorphism fC = D 
(|3.10[) shows that ft carries this set to a generating set of cofibrations of ^[i?]. □ 

It is folklore that various -Boo operads over C give rise to the same honiotopy theory. Over the years, 
various arguments have been given to show this, starting with May's use of the bar construction to model 
ft (see |EKMM96l §11.4.3] for the most recent entry in this line). We present a model-theoretic formulation 
of this result in the remainder of the subsection. 

Proposition 3.14. If f is a map of Eoo operads, then {f\, f*) is a Quillen equivalence. More generally, if 
each map 

f : C{n) ^ Din) 

is a weak equivalence of spaces, then {f\,f*) is a Quillen equivalence. 

Before giving the proof, we make a few remarks. Assume / is a weak equivalence of operads. Since the 
puUback /* : S^[D\ — > ,S^[C] preserves fibrations and weak equivalences, to show that {f\,f*) is a Quillen 
equivalence it suffices to show that for a cofibrant C-algebra X the unit of the adjunction X f* f\X is a 
weak equivalence. 
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If X = CZ is & free C-algebra, then f]X — f\CZ = DZ by p.lOp . and so the map in question is the 
natural map 

CZ DZ. 

It foUows from Propositions X.4.7, X.4.9, and A.7.4 of [EKMM96j that if the operad spaces C{n) and D{n) 
are CW-complexes, and if 2" is a wedge of spheres or disks, then CZ DZ is a homotopy equivalence. In 
fact, this argument applies to the wider class of tame spectra, whose definition we now recall. 

Definition 3.15 f |EKMM96| . Definition 1.2.4). A prespectr um D is T,-cofibrant if each of the structure 
maps Yi'^ D{V) — > D{V © W) is a (Hurewicz) cofibration. A spectrum Z is 'S-cofibrant if it is isomorphic 
to one of the form LD, where I? is a S-cofibrant prespectrum. A spectrum Z is tame if it is homotopy 
equivalent to a S-cofibrant spectrum. In particular, a spectrum Z of the homotopy type of a CW-spectrum 
is tame. 

For a general cofibrant X, the argument proceeds by reducing to the free case X — CZ. In this paper, 
we present an inductive argument due to Mandell |Mand97] . A different induction of this sort appeared in 
[Man d03] in the algebraic setting; that argument can be adapted to the topological context with minimal 
modifications. 

Our induction will involves the geometric realization of simplicial spectra. As usual, we would like to 
ensure that a map of simplicial spectra 

/. : K, ^ K 

in which each /„ : Kn — > K'^ is a weak equivalence yields a weak equivalence upon geometric realization. 
The required condition is that the spectra Kn and K'^ are tame: Theorem X.2.4 of |EKMM96] says that the 
realization of weak equivalences of tame spectra is a weak equivalence if K, and K'^ are "proper" [EKMM961 
§X.2.1]. Recall that a simplicial spectrum is proper if the natural map of coends 

j ' ' KphD[q,p)+^ j ' K.phD[q,p)+^K, 

is a Hurewicz cofibration, where D is the subcategory of A consisting of the monotonic surjections (i.e. the 
degeneracies), and Dq is the full subcategory of D on the objects < i < 5. This is a precise formulation 
of the intuitive notion that the inclusion of the union of the degenerate spectra SjKq-i in Kq should be a 
Hurewicz cofibration. 

Thus, to ensure that the spectra that arise in our argument are tame and the simplicial objects proper, 
we make the following simplifying assumptions on our operads. 

(1) We assume that the spaces C{n) and D{n) have the homotopy type of I]„-Ciy-complexes. 

(2) We assume that C(l) and D{1) are equipped with nondegenerate basepoints. 

We believe these assumptions are reasonable, insofar as they are satisfied by many natural examples; for 
instance, the linear isometries operad and the little n-cubes operad both satisfy the hypotheses above (see 
|EKMM96l XI.1.4, XI. 1.7] and |May72[ 4.8] respectively). More generally, if O is an arbitrary operad over 
the linear isometries operad, then taking the geometric realization of the singular complex of the spaces O 
produces an operad |5'(C)1 with the properties we require. 

Goerss and Hopkins have proved two versions of Proposition 13.141 using resolution model structures to 
resolve an arbitrary cofibrant C-space by a simplicial C-space with free /c-simplices for every k. A first 
version [GHj proves the Proposition for LMS spectra, avoiding our simplifying assumptions on the operads 
via a detailed study of "flatness" for spectra (as an alternative to the theory of "tameness" ) . A more modern 
treatment [GHOSj works with operads of simplicial sets and symmetric spectra in topological spaces. In that 
case, as they explain, a key point is that if A" is a cofibrant spectrum, then X^"^ is a free E„-spectrum 
(see Lemma 15.5 of |MMSSOl] ). This observation helps explain why the general form of the Proposition is 
reasonable, even though the analogous statement for spaces is much too strong. 
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Proof. A cofibrant C-spectrum is a retract of a cell C-spectruni, and so we can assume without loss of 
generality that X is a cell C-spectrum. That is, X = colim„X„, where Xq = C{*) and Xn+i is obtained 
from Xn via a pushout (in C-algebras) of the form 

CA >Xn 



CB > Xn+l 

where A ^ B \s, & wedge of generating cofibrations of spectra. By the proof of Proposition 13. 71 (specifically, 
the Cofibration Hypothesis), the map Xn Xn+i is a Hurewicz cofibration of spectra. The hypotheses 
on C and the fact that A and B are CW-spectra imply that that CA and CB have the homotopy type of 
CW-spectra, and thus inductively so does X„. Therefore, since /i is a left adjoint, it suffices to show that 
Xn — > f*f\Xn is a weak equivalence for each X„ — under these circumstances, a sequential colimit of weak 
equivalences is a weak equivalence. 

We proceed by induction on the number of stages required to build the C-spectrum. The base case follows 
from the remarks preceding the proof. For the induction hypothesis, assume that f\ is a weak equivalence for 
all cell C-algebras that can be built in n or fewer stages. The spectrum Xn+i is a pushout CB YicA -^n in C- 
algebras, and this pushout is homcomorphic to a bar construction B(CB,CA, Xn). Since f\ is a continuous 
left adjoint, it commutes with geometric realization and coproducts in C-algebras, and so f\{B{CB, CA, Xn)) 
is homeomorphic to B{DB, DA, f\Xn). 

The bar constructions we are working with are proper simplicial spectra by the hypothesis that C(l) and 
£'(1) have nondegenerate basepoints, and thus it suffices to show that at each level in the bar construction 

Bg{CB, CA, Xn) ^ B,{DB, DA, /,X„) 

we have a weak equivalence of tame spectra. This follows from the inductive hypothesis: we have already 
shown that the spectra are tame, and Ci? CAJJ X„ can be built in n stages, since Xn can be built in n 
stages and the free algebras can be built and added in a single stage. □ 

The idea of the following corollary goes all the way back to [May72| . 

Corollary 3.16. If C and D are any two Eoo operads over the linear isometries operad, then the categories 
of C-algebras and D-algebras are connected by a zig-zag of continuous Quillen equivalences. 

Proof. Apply Proposition 13.131 to the maps of i?oo operads over C 

C ^ C X D ^ D. 

□ 

Backed by this result, we adopt the following convention. 

Definition 3.17. We write h0c5^[i?oo] for the homotopy category of i?cx3 ring spectra. By this we mean the 
homotopy category hOo$^[C] for any Eoo operad C over the linear isometries operad. 

3.2. Eoo spaces. We adopt notation for operad actions on spaces analogous to our notation for spectra in 
ij3.1l Let C be an operad in topological spaces. The free C-algebra on a space X is 

CX^]]_C{k)x^,X''. (3.18) 

k>0 

We set C(0) = C(0). The category of C-algebras in spaces, or C-spaces, will be denoted ^[C]. 
Note that the sequence of spaces given by 

P(0) = * - P(l) 
P{k) = for /c> 1 
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has a unique structure of operad, whose associated monad is 

PX = X+, 

so 

If C is a unital operad and if F is a pointed space, let C\Y be the pushout in the category of C-algebras 

C* > C(0) = * 

(3.19) 
CY > C\Y. 

Then C* participates in a monad on the category of pointed spaces. Indeed C* is isomorphic to the monad 
CMay introduced in |May72| , since for a test C-space T, 

^[C]iaY,T) ^ X{Y,T) = ^[C]iCMavY,T). 

There is a natural isomorphism 

and an equivalence of categories 

^[c] ^ (3.20) 

Part of this equivalence is the observation that, if X is a C-algebra, then it is a C, algebra via 

CfX — > C^:{X-^-') ^ CX — > X. 
We have the following analogue of Proposition 13. 71 
Proposition 3.21. 

(1) The category S^[C] has the structure of a cofibrantly generated topological closed model category, in 
which the forgetful functor to creates fibrations and weak equivalences. If {A — > B} is a set of 
generating (trivial) cofibrations of £^ , then {CA CB} is a set of generating (trivial) cofibrations 

of-nc]- 

(2) The analogous statements hold for and 3^[C»]. 

(3) Taking C ~ P, the resulting model category structure on the category ^[P] = ^ is the usual one. 

(4) The equivalence >^[C] = ^[C*] p.20p carries the model structure arising from part ([I} to the model 
structure arising from part ([2]) . 

Proof. The statements about the model structure on ^[C] or on .%[C\] can be proved for example by 
adapting the argument in [EKMMQGi, ,MMSS01| . The third part is standard, and together the first three 
parts imply the last. □ 

We conclude this subsection with two results which will be useful in ij3.5l For the first, note that a point 
of C(0) determines a map of operads 

P^C, 

and so we have a forgetful functor 

We say that a point of Y is non- degenerate if {Y, *) is an NDR pair, i.e. that * — > F is a Hurewicz cofibration. 

Proposition 3.22. Suppose that C is a unital operad in topological spaces (or more generally, an operad 
in which the base point of C(0) is nondegenerate). If X is a cofibrant object ^[C*], then its base point is 
nondegenerate. 

Note that Rezk [Rezj and Berger and Moerdijk [BM03| have proved a similar result, for algebras in a 
general model category over an cofibrant operad. In our case, we need only assume that the zero space C(0) 
of our operad has a non-degenerate base point. 
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Proof. In the model structure described in Proposition 13.211 a cofibrant object is a retract of a cell object, 
and so we can assume without loss of generality that X is a cell C-space. That is, 

X = colimX„ (3.23) 

n 

where Xq = C'(0) and Xn+i is obtained from as a pushout in C-spaces 

CA > X„ (3.24) 



CB >Xn+l, 

where A ^ B is a disjoint union of generating cofibrations of 

Our argument relies on a form of the Cofibration Hypothesis of §VII of (EKMM96] . The key points are 
the following. 

(1) By assumption Xq = C(0) = C(0) is non-degenerately based. 

(2) The space underlying the C-algebra colimit X in p.23p is just the space-level colimit. 

(3) In the pushout above, 

is a based map and an unbased Hurewicz cofibration. 

The second point is easily checked (and is the space-level analog of Lemma 3.10 of [EKMM96] 1 . For the 
last part, the argument in Proposition 3.9 of §VII of [EKMM96j (see also Lemma 15.9 of [MMSSOlj ) shows 
that the pushout (|3.24p is isomorphic to a two-sided bar construction B{CB, CA, X„): this is the geometric 
realization of a simplicial space where the fc-simplices are given as 

CS]J(CA)U^-[]X„, 

c c 

and the simplicial structure maps are induced by the folding map and the maps CA — » CB and CA —> Xn- 
Note that by ]Jp we mean the coproduct in the category of C-spaces. Recall that coproducts (and more 
generally all colimits) in C-spaces admit a description as certain coequalizers in ,5^. Specifically, for C-spaces 
X and Y the coproduct X Y[c ^ '^^^ described as the coequalizer in ^ 

c{cx u CY) ^ c{x u Y) > X Uc 

where the unmarked coproducts are taken in and the maps are induced from the action maps and the 
monadic structure map, respectively. Following an arg ument along the lines of |EKMM96[ §VIL6] we obtain 
the following lemma. 

Lemma 3.25. Let C be an operad in spaces. Let A be a C-space and B a space. The map A CB 
is an inclusion of a component in a disjoint union. 

This implies that the simplicial degeneracy maps in the bar construction are unbased Hurewicz cofibrations 
and hence that the simplicial space is proper, that is. Reedy cofibrant in the Hurewicz/Str0m model structure. 
Thus the inclusion of the zero simplices CBjJ^j Xn in the realization is an unbased Hurewicz cofibration, 
and hence the map X„ Xn+i is itself a unbased Hurewicz cofibration. As a map of C-algebras, it's also 
a based map. □ 

The second result we need is the following. 

Proposition 3.26. Let C be an operad and .suppose that each C{n) has the homotopy type of a T^n-CW 
complex. Let X be a C-space with the homotopy type of a cofibrant C-space. Then CX has the homotopy 
type of a cofibrant C-space and the underlying space of X has the homotopy type of a CW -complex. 
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Proof. The first statement is an easy consequence of the fact that C preserves homotopies and cofibrant 
objects. To see the second, observe that the forgetful functor preserves homotopies, so it suffices to suppose 
that X is a cofibrant C-space. Under our hypotheses on C, if A has the homotopy type of a CW-complex 
then so does the underlying space of CA (see for instance page 372 of |LMSM86] for a proof). The result 
now follows from an inductive argument along the lines of the preceding proposition. □ 

3.3. Eoo spaces and Eoo spectra. Suppose that C ^ £ is an operad over C In this section we recall the 
proof of the following result: 

Proposition 3.27 ( |MQRT77| , |LMSM86| p. 366). The continuous Quillen pair 

j:^ : £r y : (3.28) 

induces by restriction a continuous Quillen adjunction 

: ^,[C,] ^ ^[C] y[C] : (3.29) 

between topological model categories. 

The first thing to observe is that C and satisfy a strong compatibility condition. 
Lemma 3.30. There is a natural isomorphism 

CS^X ^ S^CX (3.31) 

Proof. It follows from §VI, Proposition 1.5 of [LMSM86] that, if X is a space, then 

C{k) Ks, i^^xr'^ - ^+{C{k) xs, X^), 

and so 



C^^X = y C{k) Ks, (S^X)^'^- ^ y S^(C(fc) X X'') = S^' I ]J C{k) y.X^\^ E^CX. 

□ 



fe>0 A:>0 \fc>0 



Next we have the following, from |LMSM86[ p. 366]. 
Lemma 3.32. The adjoint pair 

Y.'^ : ,^ ^ .9' : (3.33) 

induces an adjunction 

: ^[C] ^ y[C] : (3.34) 

and so also 

E^ ; x[c^] = sr[c] ^ y[c] -. 

Proof. We show that the adjunction (|3.33p restricts to the adjunction (|3.34p . If X is a C-space with structure 
map fi : CX X, then, using the isomorphism (j3.3ip . "E^X is a C-algebra via 

CE^X ^ E^CX E^X 
If A is a C-spectrum, then U°°A is a C-space via 

cn'^A n°°cA n°°A. 

The second map is just applied to the C-structure on A; the first map is the adjoint of the map 

E^Cf7°°A ^ CE^n°°A CA 
obtained using the counit of the adjunction. □ 

This adjunction allows us to prove the pointed analogue of Lemma 13.301 
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Lemma 3.35 ( |LMSM86j . §VII, Prop. 3.5). If C is a unital operad over C, then there is a natural isomor- 
phism 

^+C.,Y ^ CE^r 9^ C^°°Y. (3.36) 

Proof. Let y be a pointed space. By Lemma [3.321 and the isomorphism (|3.3ip . applying the left adjoint 
to the pushout diagram ()3.19p defining C^,Y identifies 'S^C^.Y with the pushout of the diagram (j3.5|) 
defining C^E^ Y. The second isomorphism is just the isomorphism p.6p together with the isomorphism (for 
pointed spaces) Y 

E^y = E°°(S'vy). 

□ 

Proof of Proposition \3.27\ It remains to show that the adjoint pair (SJ^, r2°°) induces a Quillen adjunction. 
For this it suffices to show that the right adjoint preserves fibrations and weak equivalences (see, for 
example, |Hov991 Lemma 1.3.4]). Now recall that the forgetful functor ^[C] ^ creates fibrations and 
weak equivalences, and similarly for [EKMM96[ IMMSSOl] . It follows that the functor 

: 5^\C\ Sr\C\ 

preserves fibrations and weak equivalences, since 

: ^ ^ ^ 

does. □ 

Remark 3.37. Note that if A is an E^o ring spectrum, then r2°°yl is an E^^ space in two ways: one is 
described above, and arises from the multiplication on A. The other arises from the additive structure of A, 
i.e. the fact that r2°°A is an infinite loop space. Together these two E^ structures give an E^o ring space in 
the sense of |MQRT77| (see also |May08| ). 

3.4. E'oo spaces and group-like E^^ spaces. Suppose that C is a unital operad (pointed would be enough), 
and let X be a C-algebra in spaces. The structure maps 

* ^ C(0) ^ X 
C(2) Y.XY.X ~>X 

correspond to a family of i7-space structures on X and give to txqX the structure of a monoid. 

Definition 3.38. X is said to be group-like if ttqX is a group. We write 3^[C]^ for the full subcategory of 
^[C] consisting of group- like C-spaces. 

Note that ii f : X ^ Y is a weak equivalence of C-spaces, then X is group-like if and only Y is. 

Definition 3.39. We write ho^[C]'' for the image of ^[C]"" in ho.^[C]. It is the fuU subcategory of 
homotopy types represented by group-like spaces. 

If X is a C-space, let GLiX be the (homotopy) pull-back in the diagram 

GLiX > X 



(3.40) 

7ro(X)x > TToX 



Then GLiX is a group-like C-space. 

Proposition 3.41. The functor GLi is the right adjoint of the inclusion 

sr{GY sr{G\ 
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Proof. If X is a group-like C-space, and F is a C-space, then 

just as, if G is a group and M is a monoid, then 

(monoids) (G,M) = (groups) (G, GiiM). 

□ 

3.5. Group-like Eoo spaces and connective spectra. A guiding result of infinite loop space theory is 
that group-like Eoa spaces provide a model for connective spectra. We take a few pages to show how the 
primary sources (in particular |BV73[ |May72[ |May74| ) may be used to prove a formulation of this result in 
the language of model categories. 

To begin, suppose that G is a unital Eao operad, and / is a map of monads (on pointed spaces) 

/ : G* ^ Q 

For example, we can take G to be a unital i?oo operad over the infinite little cubes operad, but it is interesting 
to note that any map of monads will do. If y is a spectrum, then f2°°y is a group- like G-algebra, via the 
map 



Thus we have a factorization 



S^-^3r[CY (3.42) 



We next show that the functor Vl^ has a left adjoint Yj^ . By regarding a G-space X as a pointed space via 
* — ^ G(0) ^ X, we may form the spectrum Y,°° X. Let T,^ X be the coequalizer in the diagram of spectra 

s°°G*x ^ ^ \ j:°^x > E/x 




j:°°n°°j:°°x 

Then we have the following. 
Lemma 3.43. The pair 

S/ : ^[C] t^y -.nf (3.44) 
are a Quillen pair. Moreover, the natural transformation 

is an isomorphism. 

Proof. As mentioned in the proof of Proposition l3.91 it is essentially a formal consequence of the construction 
that 'S-f is the left adjoint of il^ . Given the adjunction, we find that S-^G* = since, for any pointed 
space X and any spectrum V, we have 

^(s-^G,x, V) ^ 3r[c]{c^x,nfv) 
^ y{E°°x, V). 
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To show that we have a Quillen pair, it suffices ( |Hov99[ Lemma f.3.4]) to show that fl^ preserves weak 
equivalences and fibrations. This follows from the commutativity of the diagram (|3.42p . the fact that 
preserves weak equivalences and fibrations, and the fact that the forgetful functor 

creates fibrations and weak equivalences. □ 

Lemma 13.431 implies that the pair [Ti^jflf) induce a continuous Quillen adjunction 

E/ : ^[C] -.Vlf. 

It is easy to see that this cannot be a Quillen equivalence. Instead, one expects that it induces an equivalence 
between the homotopy categories of group-like C-spaces and connective spectra. In [MMSSOT] . this situation 
is called a "connective Quillen equivalence." The rest of this subsection is devoted to the proof of the following 
result along these lines: 

Theorem 3.45. Suppose that C is a unital operad, equipped with a map of monads 

f -.C ^ rj°°E°°. 

Suppose moreover that 

(1) the base point * —^ C(l) is non-degenerate, and 

(2) for each n, the n-space C{n) has the homotopy type of a Tin-CW -complex. 
Then the adjunction [Y,^ ,0,^) induces an equivalence of categories 

Yi^ : ho S^[C]^ { ^ ho{connective spectra) : fl^ 

enriched over ho 

Remark 3.46. As observed in |May72| , adding a whisker to a degenerate basepoint produces a new operad 
C from C. Also if C is a unital Eoo operad equipped with a map of monads f : C ^ f2°°E°°, then taking 
the geometric realization of the singular complex of the spaces C{n) produces an operad |S'(C)| with the 
properties we require. 

The following Lemma, easily checked, is implicit in |MMSSOl] . Let 

be a Quillen adjunction between topological closed model categories. Let C C Ai and C C Ai' be full 
subcategories, stable under weak equivalence, so we have sensible subcategories hoC C hoA^ and hoC C 
hoA^'. Suppose that F takes C to C, and G takes C to C. 

Lemma 3.47. //, for every cofibrant X £ C and every fibrant Y ^ C , a map 

(j): FX 

is a weak equivalence if and only if its adjoint 

^■.X^GY 



is, then F and G induce equivalences 



of categories enriched over ho £^ . 



F : hoC ^ hoC : G 



The key result in our setting is the following classical proposition; we recall the argument from [May72[ 
|May74| . 
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Proposition 3.48. Let C he a unital Eoo operad, equipped with a map of monads 

Suppose that the basepoint * C{1) is non- degenerate, and that each C{n) has the homotopy type of a 
Tin-CW -complex. If X is a cofibrant C -space, then the unit of the adjunction 

X ~> n^T^^X 

is group completion, and so a weak equivalence if X is group-like. 

The proof of the proposition follows from analysis of the following commutative diagram of simplicial 
C-spaces: 

B, {C, ,C,,X) > ^li^fB, (a , a , X) (3.49) 



X > rj/E^x 

Specifically, we will show that under the hypotheses, on passage to realization the vertical maps are weak 
equivalences and the top horizontal map is group completion. 

We begin by studying the left-hand vertical map; the usual simplicial contraction argument shows the 
underlying map of spaces is a homotopy equivalence, and so on passage to realizations we have a weak 
equivalence of C-spaces. 

Lemma 3.50. For any operad C and any C-space X, the left vertical arrow is a map of simplicial C-spaces 
and a homotopy equivalence of simplicial spaces, and so induces a weak equivalence of C-spaces 

B{Ci,,Ctf,X) — > X 

upon geometric realization. 

The right vertical map is more difficult to analyze, because we do not know that Y.^ preserves homotopy 
equivalences of spaces. May |May72| shows that, for suitable simplicial pointed spaces Y,, the natural map 

\VLY,\^n\Y,\ (3.51) 

is a weak equivalence, and he explains in |May72[ |May08| how this weak equivalence gives rise to a weak 
equivalence of C-spaces 

\VLi'WB,{CC,,X)\ VLi'\T.fB,{C,,C,,X)\ ^ nfT.fB{C,,C,,X) 

by passage to colimits. We note that in [May08| , May describes proving that p.5ip is a weak equivalence as 
the hardest thing in |May72| . Therefore, to show that the map 

\nfY.fB,{c,,c,,x)\ ~^nfY.i'x 

is a weak equivalence, it suffices to show that for cofibrant X, the map E'''i?(C*, C*, X) X is a, weak 
equivalence. As it is straightforward to check from the definition that Ti^ does preserve weak equivalences 
between C-spaces with the homotopy type of cofibrant C-spaces, the desired result will follow once we show 
that i3(C, , C*, X) has the homotopy type of a cofibrant C-space if X is cofibrant. 

Lemma 3.52. Suppose that C is a unital operad, such that the base point * C(l) is non- degenerate and 
each C{n) has the homotopy type of a T,n-CW -complex. Let X be a cofibrant C-space. Then B{C^,^C^,, X) 
has the homotopy type of a cofibrant C-space. 

Proof. With our hypotheses, it follows from Proposition 13. 261 that the spaces C"X have the homotopy type 
of cofibrant C-spaces. By Proposition 13. 22i the simplicial space i?,(C*,C,,X) is proper. Finally, we apply 
an argument analogous to that of Theorem X.2.7 of [EKMM96] to show that if Y, is a proper C-space in 
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which each level has the homotopy type of a cofibrant C-space, then \Y,\ has the the homotopy type of a 
cofibrant C-space. □ 

Finally, we consider the top horizontal map in (j3.49p . We have isomorphisms of simplicial C-spaces 

n^^f B,{cc,,x) = B,{n^j:fc,,c,,x) = B,{nfY,°°,c,,x) = b.{q,g^,x) 

(we used the isomorphism E^C* = S°° of Lemma r3.43p . and so an isomorphism of C-spaces 

B{Q,CX) ^ \nfY.iB,{C,,C,,X)\ 
We then apply the following result from |May74| . 

Lemma 3.53. Let C be a unital Erx, operad, equipped with a map of monads 

Let X be a C-space (and so pointed via C(0) X). Suppose that the base point o/C(l) and the base point 
of X are non-degenerate. Then the map 

BiC,,C,,X)^BiQ,C,,X), 

and so 

B{C,,C,,X) ^ \nf^^B,{c,,c,,x)i 

is group- completion. 

Proof. The point is that in general 

is group-completion |Coh73[ ICLM76[ IMS76| , and so we have the level- wise group completion 

C,(C,)"X ^ f7°°S°°(C,)"X 

(see |May74| ). 

The argument requires the simplicial spaces involved to be "proper," that is, Reedy cofibrant with respect 
to the Hurewicz/Str0m model structure on topological spaces, so that the homology spectral sequences have 
the expected ii^2-term. May proves that they are, provided that (C(l), *) and (X, *) are NDR-pairs. □ 

We can now finish the proof of Theorem 13.451 

Proof. It remains to show that if X is a group-like cofibrant C-algebra and is a (fibrant) (— l)-connected 
spectrum, then a map 

(j):Y,^X 

is a weak equivalence if and only if its adjoint 

is. These two maps are related by the factorization 

The unit of adjunction is a weak equivalence by Proposition 13.481 It follows that -0 is a weak equivalence 
if and only if 51^0 is. Certainly if is a weak equivalence, then so is rt-^cj). Since both X and V are 
(— l)-connected, if fl^<j> is a weak equivalence, then so is cj). □ 
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Remark 3.54. There is another perspective on Theorem 13.451 which elucidates the role of the "group-like" 
condition on C-spaces. Let's define a map 

of C-spaces to be a stable equivalence if the induced map 

is a weak equivalence {X' and Y' are cofibrant replacements of X and Y). The "stable" model structure on 
C-spaces is the localization of the model structure we have been considering in which the weak equivalences 
are the stable equivalences, and the cofibrations are as before. 

In this stable model structure a C-space is fibrant if and only if it is group-like; compare the model 
structure on F-spaces discussed in jSch991 IMMSSOl] . The homotopy category associated with the stable 
model structure is exactly ho=^[C]'*, and so this is a better encoding of the homotopy theory of C-spaces. 
We have avoided discussing this approach in detail in order to minimize technical complications, as we do 
not need it for the applications. 

Remark 3.55. In [MMSSOl] it is shown that 

ho(group-like F-spaces) = ho(connective spectra). 

Rekha Santhanam [San08j has shown that the work of May and Thomason |MT78| can be used to prove that 
the category of C-spaces is Quillen equivalent to the category of F-spaces. These two results give another 
proof of the equivalence 

ho^[C]^ ~ ho(connective spectra). 

3.6. Units: proof of Theorem 13.21 Let C be unital Eoo operad, equipped with a map of operads 

C-^£, 

a map of monads on pointed spaces 

/ : C* 

and satisfying the hypotheses of Theorem 13.451 For example, we can take C to be 

C=|Sing(Cx/:)|, 

the geometric realization of the singular complex on the product operad C x £, where C is infinite little cubes 
operad of Boardman and Vogt BV73 . 

Then we have a sequence of continuous adjunctions (the left adjoints are listed on top, and connective 
Quillen equivalence is indicated by «). 

E^j^oo . ((_i)_connected spectra) fc=^ ^[C]^ \ > Sr\C\ i f 5^\C\ : gh 

By Proposition [SUni S^[C] is a model for the category of Eoo spectra. This completes the proof of Theorem 
[321 

4. Eoo ThOM spectra AND ORIENTATIONS 

With the adjunction of Theorem 13. 21 in hand, one can construct and orient Eoo Thom spectra as described 
in ij2.H where we emphasize the more novel case of the Thom spectrum associated to a map of spectra 

b bghR. 

We add a few additional remarks here, emphasizing the classical Eoo Thom spectra associated to maps of 
spectra b bghS. 
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4.1. Commutative S'-algebra Thorn spectra. We write S for tlie sphere spectrum, bgliS for Y.gliS, and 
BGLiS for n°°bgliS. BGLiS is tire classifying space for stable spherical fibrations. Theorem 13.21 gives a 
map (in ho^[i?oo]) 

e : Y,°^^°°gliS ^ S. 

Given a map 

C-.b^ bghS, 

let j = : g = — > ghS, and form the diagram 

g^^ghS = 



■ghS 



-!■ eghS ~ * 



by requiring that the upper left and bottom right squares are homotopy Cartesian. Note that we may also 
view b as an infinite loop map 

/ : B -> BGLiS. 



As in Definition 12.61 the Thorn spectrum of /, or of (, or of j, is the homotopy pushout AI ~ in the 
diagram of E^c spectra 

E~f7°°5 ^ j:'i^n°°ghS — ^ s 



which is to say that 



(4.1) 



S^SA^ 



M, 
S. 



(In !j8] we compare this notion to classical definitions). Note that when writing this homotopy pushout, 
we are suppressing the choice of a point-set representative of the homotopy class e. Since all objects are 
fibrant in the model structure of Proposition 13.71 it suffices to choose a cofibrant model for n°°gliS (and 
subsequently of il°°.g). 

Now suppose that R is an £^00 spectrum with unit l : S R; let i — ghb, and let k — ij : g gliR, so 
that we have the solid arrows of the diagram 




^ghS >Cj 



(4.2) 



ghR, 

in which the row is a cofiber sequence. The homotopy pushout diagram (|4.ip and the adjunction of Theorem 
13.21 gives the following. 

Theorem 4.3. Each of the squares in the commutative diagram of derived mapping spaces 
.y[Eoo\{M,R) > y{Cj,ghR) > * 



(4.4) 



{0 



y{ghS,ghR) 



y{g,ghR). 



are homotopy cartesian. That is, the map k is the obstruction to the existence of an E^c map M —> R, and 
■y[Eoc\{M,R) is weakly equivalent to the space of lifts in the diagram (|4.2p . 
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If J^[Eoo] {M, R) is non-empty (i.e. if i is homotopic to the trivial map g ghR) then we have equivalences 
of derived mapping spaces 

y[Eoo]iM,R) ~ n,y{g,ghR) ~ ,yib,ghR) ~ .y[Eoo]i^^B,R); 

this is an Eao analogue of the usual Thom isomorphism. 

4.2. i?-algebra Thom spectra. More generally, suppose that R is an Eoo ring spectrum. Given a map 

C : 6 ^ bghR, 

we obtain a map of cofiber sequences 

9 )■ ghR 



ghR: 



ghR 



P > eghR - * 



bghR- 



in which .g = S ^b and p is the fiber of 6 ^ bghR- 

Definition 4.5. The R-algebra Thom spectrum of ( is the E^o i?-algebra M which is the pushout in the 
diagram of Eoo spectra 

j:^n°°g > ^^n°°ghR > R 



If C factors as 
then M( is the derived smash product 



b --^ bghS > bghR, 



MC Ai R, 



M. 



and so the following result is a generalization of Theorem 14.31 
Theorem 4.6. Let A be a commutative R-algebra, and write 

i ■- ghR -> ghA 

for the induced map on unit spectra- Then each of the squares in the commutative diagram 
{Eoo i?-algebras)(M, A) > .9'{p,ghA) > * 



(4.7) 



{^} 



y{ghR,ghA) 



^ig,ghA) 



is homotopy cartesian. 

Taking A — R, we see that the space of i?-algebra orientations of M( is the space of lifts 

eghR 

/ 

/ 

y 

b > bghR- 
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In this form the obstruction theory generahzes to the associative case. We discuss this generahzation op- 
eradically in fJ5] and again using quasicategories in SJT] 

5. Thom spectra and orientations 



5.1. Sketch of the construction. In §2.21 we outUned how one might generahze the study of orientations 
of Eoo ring spectra in [J3] and Sj4] to the associative case. We briefly review what was proposed there. We 
have adjunctions 

(Aoo spaces)^ ( > {A^o spaces) ^ > .y^-- : GLi. (5.1) 

GLi f2°= 

Moreover, if R is an A^o spectrum, then Sl^ and n°° induce continuous Quillen adjunctions 

: (right f7°°i?-modules) i > (right i?-modules) : 

Using the fact that GLiR is a group-hke Aoo space, one would like to form a "principal GL ii?-bundle" 

GLiR-^ EGLiR^ BGLiR, (5.2) 

so that EGLiR is a right A^c GLii?-module. Given a map of spaces 

f -.X ^ BGLiR, (5.3) 

we would pull back this bundle as in the diagram 

GL\R - GL\R 



P > EGLiR (5.4) 



X — ^ BGLiR. 

Then P should be a right Aoo GLii?-module, and so I^'^P should be a right S+ GLii?-module. The Thom 
spectrum of / is to be the derived smash product 

Mf = l:^p^^^aL,RR■ 

We would then have a weak equivalence 

(right i?-modules)(Af/,i?) ~ (GLii?-modules)(P, r2°°i?). 

With respect to this isomorphism, the space of orientations of M f should be the homotopy pull-back in the 
diagram 

(orientations) (M, i?) — ~ — > (right GLii?-spaces)(P, GLii?) 



(right i?-modulcs)(Af,i?) ~ > (right GLii?-spaces)(P, 17°° i?), 
and we should have weak equivalences 

(orientations) (Af, i?) ~ (right GLii?-spaces)(P, GLii?) (5.5) 

^■^/bglMB,EGLiR). (5.6) 

The difficulties in making this sketch precise arise from the fact that GLiR is not a topological group but 
rather only a group-like Aoo space. This means for example it is more delicate to form the space P on which 
GLiR will act, in such a way that we can prove the homotopy equivalence (|5.6p . 

In this section we present an approach to carrying out the program described above. The essential 
strategy is to adapt the operadic smash product of |KM951 IEKMM96] to the category of spaces. Specifically, 
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we produce a symmetric monoidal product on a subcategory of such that monoids for this product are 
precisely Aoo-spaces; this ahows us to work with models of GL\R which are strict monoids for the new 
product. The observation that one could carry out the program of [EKMM96] in the setting of spaces is 
due to Mike Mandell, and was worked out in the thesis of the second author [BlumOSj . In this paper we 
present a streamlined exposition covering the part of the theory we need for our applications. The interested 
reader should consult the forthcoming paper |BCS08j for further discussion and in particular proofs of the 
foundational theorems stated below. 

5.2. L-spectra and L-spaces. We mimic the definitions of [EKMM961 §1]. Fix a universe U (a countably 
infinite-dimensional real vector space), and let L(\) denote the space of linear isometrics U ^ U. As the 
notation suggests, this is the first piece of the linear isometrics operad. 

There is a monad L on spaces with 

= C{1) X X, 

where the product map comes from the composition on C{\) and the unit from the inclusion of the identity 
map. This is the space-level analogue of the monad L on spectra defined as LF = C{\) x Y . An L-space is 
precisely a space with an action of C{\). In direct analogy with the commutative and associative product 
on the category of L-spcctra |EKMM96l §1.5.1] we can define an operadic product on L-spaces: 

Definition 5.7. Let X,Y be L-spaces. Define the operadic product X y.cY = C{2) 'Xc(i)xC{i) X x Y to 
be the coequalizcr in the diagram 

C{2) X (£(1) X C{1)) x{X xY) ^""^ \ C{2) x X xY > X XcY. 

Here ^ denotes the map using the L-algebra structure of X and Y, and 7 denotes the operad structure 
map £(2) x C{1) x £(1) C{2). The left action of £(1) on £(2) induces an action of £(1) on X Xc Y. 

With this definition, many of the results and arguments of |EKMM96l §1] carry over directly to the case 
of c5^[L]. For instance, a result of the senior author (see [EKMM961 §1.5.4]) implies that X£ is associative 
and commutative: 

Proposition 5.8. 

(1) The operation Xc is associative. Precisely, for any l^-spaces Xi, . . . ,Xk and any way of associating 
the product on the left, there is a canonical and natural isomorphism ofh-spaces 

XiXc--- XcXk^ C{k) X£(i);c Xix ■■■ X Xk. 

(2) The operation x^ is commutative in the sense that there is a natural isomorphism ofL-spaces 

T : X XcY ^Y XcX 

with the property that ~ 1. 

There is a corresponding mapping space Fx^{X,Y) which satisfies the usual adjunction; in fact, the 
definition is forced by the adjunctions. 

Definition 5.9. The mapping space Fx^{X,Y) is the equalizer of the diagram 

Map,^[L](^(2) X X,r) ^^Map.^[L](^(2) x £(1) x £(1) x X,Y). 
Here one map is given by the action of £(1) x £(1) on £(2) and the other via the adjunction 

Map,^[L](^(2) X £(1) X £(1) x X,Y) - Map,y[L] (^(2) x £(1) x X,Map^^^j^^{C{l),Y)) 
along with the action C{1) x X ^ X and coaction 

y^Map.^[L](Al),5^)- 
A diagram chase verifies the following proposition. 
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Proposition 5.10. Let X, Y , and Z be C{l)-spaces. Then there is an adjunction homeomorphism 



The unital properties of X£ are again precisely analogous to those spelled out in [EKMM961 §1.8]. For a 
general L-space, there is always a unit map 

X:*XcX^X. 

The unit map is compatible with X£. Specifically, one can adapt the arguments of |EKMM96[ §1.8.5] to 
prove the following proposition. 

Proposition 5.11. 

(1) * X c * ^ * is an isomorphism. 

(2) For any L-space X, the unit map 't'XcX^Xisa weak equivalence. 

(3) The unit map and X£ specify the structure of a weak symmetric monoidal category on ^[L]. 

Recall that a weak symmetric monoidal category is a category with a product that satisfies all of the 
axioms of a symmetric monoidal category with the exception that the unit map is not required to be an 
isomorphism |EKMM961 §11.7.1]. 

The product X£ on ^[L] is a version of the cartesian product; in order to make a precise statement of 
the relationship between X£ and x, we need to discuss model structures. 

Proposition 5.12. There is a compactly generated topological model structure on ^[h] in which 

(1) The weak equivalences are the maps which are weak equivalences of spaces, 

(2) The fibrations are the maps which are fibrations of spaces, 

(3) and the cofibrations are determined by the left-lifting property. 

The generating cofibrations and generating acyclic cofibrations are the sets {LA Li?} for A ^ B a 
generating cofibration in ^ and {LC — > LD} for C ^ D a generating acyclic cofibration in ^ , respectively. 

The resulting model category is Quillen equivalent to spaces, since C{1) is contractible: 

Proposition 5.13. The free-forgetful adjunction induces a Quillen equivalence between the usual model 
structure on and the model structure on >^[L] given in the preceding proposition. 

Furthermore, we have the following key comparison result, which says that the derived functor of X£ is 

X. 

Proposition 5.14. Let X and Y be cofibrant L-spaces. Then the natural map 



is a weak equivalence. 

The force of the construction of X£ is the fact that it gives us control of Aoo-spaces and £^oo-spaces on 
the "point-set" level; just as in the setting of spectra, this makes it simple to define monoids and modules, 
and more generally to carry out definitions from homological algebra. Specifically, define monads T and P 
on ^[L] and A and E on ^ by the formulae 



Map,y {XxcY,Z) = Map,^[L] ^ {Y, Z) ) . 



X xcY ^ X xY 



n 



n 



n 



Recall that T-algebras in ,5'[L] are monoids (i.e. L-spaces X equipped with multiplication maps Xx^X ^ 
X which are coherently associative and unital) and similarly P-algebras are commutative monoids. As 
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discussed in Section [3T21 A-algebras in 3" are ^oo-spaces structured by the (non-S) linear isometries operad 
and E-algebras in 3" are i?oo-spaces structured by the linear isometries operad. Just as in [EKMM961 §1.4.6], 
these monads are closely related. 

Proposition 5.15. There are canonical isomorphisms 

A = TL E = PL 

of monads on 3 . 

Via [EKMM961 §1.6.1], this has the following consequence. 
Corollary 5.16. 

(1) The categories of A-algebras in -3 (Aoo-spaces) and of T-algebras in =f^[L] are equivalent. 

(2) The categories of ¥.-algebras in 3 (Eoo-spaces) and ¥-algebras in =f^[L] are equivalent. 

Finally, the work of |LMSM86[ p. 366] reviewed in [gSl and [EKMM96| implies that the category of L- 
spaces has the expected relationship to the category of L-spectra. There is a subtle point here, however: for an 
L-space X, the Lewis-May suspension spectrum 'S'^^X admits two structures as an L-space. There is a trivial 
structure described in jEKMM96l §1.4.5], and the structure induced by the isomorphism C{1) k ) = 

T,°°{C{1) X X). In the following discussion, we always use the latter. 

Proposition 5.17. 

(1) If X and Y are IL-spaces, there is a natural isomorphism ofh-spectra 

Y.^{X xc Y) = E^X Ac ^+Y 

which is compatible with the commutativity isomorphism r. 

(2) The Quillen pair 

Y.^ : 3 y : (5.18) 
induces by restriction a continuous Quillen adjunction 

: 5^[L] ^ ,y[h] : n°° (5.19) 

between topological model categories. 

(3) If X is a space then 

E^AX ^ V„ ^n) K (E^X)^" E^EX ^ V„ ^n) Ks„ (E^X)^", 

and if X is an I^-space then 

E^TX = V„(S^X)^^" E^PX = V„(E^X)^':"/E„. 

(4) If R is an Aoc spectrum, then R is a monoid in =^[L], and GLiR is a group-like monoid in <^7[L]. 
Similarly, if R is an E^o spectrum, then il°°R is a commutative monoid in =f^[L], and GLiR is a 
group-like commutative monoid in ^[L]. 

5.3. S'-modules and ^-modules. In order to work with modules over an A^c space, it is convenient to 
work with a symmetric monoidal category. In this section, we discuss the analogue of S'-modules in the 
context of L-spaces. Just as in jEKMM96j . one can restrict to the subcategory of L-spaces which are unital: 
L-spaces X such that the unit map * x £ X — > X is an isomorphism. 

Definition 5.20. The category of ^-modules is the subcategory of £(l)-spaces such that the unit map 
A: * XcX ^ X is an isomorphism. For ^-modules X and Y, define X MY as X x^Y and F^{X,Y) as 
^XcF^,{X,Y). 
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The category ^/M^ is a closed symmetric monoidal category with unit * and product The inclusion 
functor ,5^[L] has both a left and a right adjoint: the right adjoint from L-spaces to ^-modules is 

given by * X£ (— ), and the left adjoint by Fx£(*, — ), just as in the stable setting the inclusion functor from 
S'-modules to L-spectra has both a left and a right adjoint |EKMM96[ §11.2]. Proposition 2.7 of |EKMM96| 
shows that these adjunctions are respectively monadic and comonadic, and therefore as discussed in the 
proofs of [EKMM9"6t §11.1.4] and |EKMM9"6l §VII.4.6], standard arguments establish the following theorem. 

Theorem 5.21. The category admits a cofibrantly generated topological model structure in which the 
weak equivalences are detected by the forgetful functor to h-spaces. A map f : X —t Y of * -modules is 
a fibration if the induced map F^(*,X) — > is a fibration of spaces. C'olimits are created in the 

category ofh-spaces, and limits are created by applying * X£ (— ) to the limit in the category ofL,-spaces. 

The functor * Xc (— ) is part of a Quillen equivalence between ^[L] and This implies in particular 
that there is a composite Quillen equivalence between ^ and In addition, just as for £-spaces, for 

cofibrant ^-modules X and Y there is a weak equivalence X ^Y ^ X x Y . 

Next, observe that the monads T and P on L-spaces restrict to define monads on The algebras over 
these monads are monoids and commutative monoids for Kl, respectively. Thus, a H-monoid in is a 
X£-monoid in L which is also a *-module. The functor * x^ (— ) gives us a means to functorially replace 
Aoc and Eao spaces with Kl-monoids and commutative Kl-monoids which are weakly equivalent as A^o and 
Eoo spaces respectively. Standard lifting techniques provide model structures on [T] and [P] in which 
the weak equivalences and fibrations are determined by the forgetful functor to 

We are now in a position to define categories of modules. 

Definition 5.22. If G is a monoid in then a G- module is a ^-module P together with a map 

GMP^ P 

satisfying the usual associativity and unit conditions. We write for the category of G-modules. 

Once again, there is a model structure on the category of G-modules in which the weak equivalences and 
fibrations are determined by the forgetful functor to ^-modules. 

Let denote the composite functor * Xc ^l°°Fc{S, — ) from S'-modules to Again, recall that the 
inclusion functor — > ^[h] has both a left and a right adjoint: the right adjoint from L-spaces to *- 
modules is given by * X£ (— ), and the left adjoint by (*,—). As a consequence, the right adjoint of 
the functor from ^» to turns out to be fl^ . In addition, recall that this implies that to lift right 
adjoints from ^[L] to ^* we forget from to >5^[L], apply the functor, and then compose with * X£ (— ). 

In particular, for an object of ^*[T] or ^*[P] we compute GLi as the composite * Xc Gii(— ) and 
therefore for an object of ^s[^] or ^^[P] we find that GLi is computed as 

GLiR= ^ xcGLin^R. (5.23) 

We have the following elaboration of Proposition l5.171 connecting the category to the category of EKMM 
S'-modules. 

Proposition 5.24. 

(1) If X and Y are '^-modules, then is a natural isomorphism of S -modules 

s^(x H r) = E^x As E^y 

which is compatible with the commutativity isomorphism t. That is, E!5j° is a strong symmetric 
monoidal functor from ^-modules to S-modules. 

(2) There is a continuous Quillen adjunction 

YP^ : J^^^ J^s- (5-25) 
between topological model categories. 
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(3) If R is a associative S -algebra, then is a monoid in and GLiR is a group-like monoid in 
Similarly, if R is a commutative S-algebra, then Q'^ is a commutative monoid in and GLiR is 
a group-like commutative monoid in ^* . 

(4) Let G be a monoid in *-modules, and let P be a G-module. Then SI^P is an Y,^'G-module, and 
and Cl'^ restrict to give a continuous adjunction 

: [G-modules) ^ G -modules) : . 

5.4. Principal bundles. Suppose that G is a monoid in ^-modules. We will be interested in studying 
"classifying space" constructions on G, and for this we must say something about geometric realization of 
simplicial L-spaces and ^-modules. 

Proposition 5.26. 

(1) If Xt is a simplicial h-space, then its geometric realization (as a simplicial space) |X, | is a l^-space. 

(2) // X, and Y, are simplicial h-spaces, then there is a natural isom,orphism of h-spaces 

\X, xcY,\ ^ \X,\ xc\Y,\. 

(3) If X, is a simplicial ^-module, then its geometric realization (as a simplicial space) \X,\ is a *- 
module. 

(4) If X, and Y, are simplicial ^-modules, then there is a natural isomorphism of * -modules 

\X,MY,\ ^ \X,\^\Y,\. 

Thus, we can form the ^-modules 

EcG \B,{*, G, G)\ BcG = B,{*, G, *). 

That is, BcG is the geometric realization of the simplicial ^-module which has simplices 

[n] G^("-i). (5.27) 

The face maps are induced by the multiplication G^G ^ G, and the degeneracies from the unit * ^ G. 

We now will establish that BcG is in fact a model of the usual classifying space. Associated to the map 
£(1) *, there is the change of monoids functor Q from ^[L] to ^ given by QX = * x c(i) X . The behavior 
of Q is described by the following proposition: 

Proposition 5.28. 

(1) Q is a strong symmetric monoidal functor from 'h-spaces to spaces. 

(2) Let U be the forgetful functor from h-spaces to spaces. There is a natural transformation U Q 
which is a weak equivalence for cofibrant objects of .^\h], and >^*[T]. 



Proof. Let X and Y be £(l)-spaces. To show that Q is strong symmetric monoidal, we need to compare 
* ^c(i) Y) and (* X£(i) X) x {* X£(i) Y). Observe that C{2) is homeomorphic to C{1) as a left 

£(l)-space, by composing with an isomorphism C/^ — > U . Therefore we have isomorphisms 

^Xcii)iXMcY) = *X£(i)/:(2)x£(i)xc(i)(Xxy) 
= (* X£(i) X) X (* xc(i) Y) 
One checks that the required coherence diagrams commute. The result now follows, as * X£(i) * = *. 

The second part of the proposition follows in each case by observing that it suffices to work with cell 
objects, and then inducting over the cellular decomposition. The interested reader should consult [BCS08| 
for details. □ 
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As a consequence of the first property, Q takes monoids in to topological monoids and G-modules in 
^* to QG-spaces. The second property allows us to retain homotopical control. Let G be a cofibrant M- 
monoid; equivalently, G is an Aoo-space. Denote by G' a weakly equivalent topological monoid produced by 
any of the standard rectification techniques. Then the Proposition and the fact that Q evidently commutes 
with geometric realization implies that 

Q{BcG) ^ B(QG) ^ BG' and Q{EcG) = E{QG) ^ EG'. 

Remark 5.29. Note however that as a consequence of the first property, nothing like the second property 
can be true in the setting of commutative monoids in That is, Q takes commutative Kl-monoids to 

commutative topological monoids. Since we know that commutative topological monoids have the homotopy 
type of a product of Eilenberg-Mac Lane spaces, in general this rectification process cannot be a weak 
equivalence. 

Now, EcG is a right G-space, and the projection 

TT : EcG BcG 
is a map of G-spaces if BcG is given the "trivial" action 

BcG MG ^ BcG BcG. 



Furthermore, the comparison afforded by Q allows us to deduce that the projection map tt is a model for 
the universal quasifibration. 

Proposition 5.30. Let G he a group-like cofibrant monoid in ^*[T] with a nondegenerate basepoint. Then 
the map tt: EcG — » BcG is a quasifibration of underlying spaces. 



Proof. By the remarks above, QEcG = E{QG) and QBcG = B{QG). By naturality, there is a commutative 
diagram 

UEcG > E{QG) 



Utt 



f 



UBcG—-^B{QG). 

For any p G UBcG, {Utt)^^{p) = UG, (Q7r)^^(/p) ~ QG, and the map between them is induced from the 
natural transformation U ^ Q. Writing F{Utt)p for the homotopy fiber of [/tt at p and F{QTr)fp for the 
homotopy fiber of Qn at fp, we have a commutative diagram 



f/G^ (C/7r)-i(p) 



FiU7r)p 



QG ^ iQn)-\fp) - 

where the horizontal maps are the natural inclusions of the actual fiber in the homotopy fiber. The hy- 
potheses on G ensure that the vertical maps are weak equivalences; on the left, this follows directly from 
Proposition 15.281 and on the right, we use the fact that UEcG QEcG and UBcG ~> QBcG are weak 
equivalences since U and Q commute with geometric realization and all the simplicial spaces involved are 
proper. Furthermore, since QG is a group-like topological monoid with a nondegenerate basepoint, Qn is a 
quasifibration |May75[ 7.6], and so the inclusion of the actual fiber of C/tt in the homotopy fiber of J/tt is an 
equivalence. That is, the bottom horizontal map is an equivalence. Thus, we deduce that the top horizontal 
map is an equivalence and so that C/tt is a quasifibration. □ 
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Given a map of ^-modules f : X ^ B^G, let P be the pull-back in the category of G-modules 

P >EcG (5.31) 

' / f 

X — -^BcG. 

About this situation we have the following. 

Theorem 5.32. Suppose that G is a cofibrant group-like monoid in and f is a fibration. Then there 
is a natural zigzag of weak equivalences between the derived mapping space map ^^/Bcoifi'^) ^'^ft^ ^'^ 
diagram (I5.3ip and the derived mapping space map {P, G) . 



Proof. We will deduce this result from the corresponding result for group-like monoids, using the functorial 
rectification process provided by the functor Q. Although this theorem in the classical setting is folklore, only 
recently have modern proofs appeared in the literature [ShuOSj . We discuss the situation in Appendix IA.21 
where the result appears as Corollarv lA.3l 

It is straightforward to verify that for cofibrant G, Q induces a Quillen equivalence between ^^.j B^G 
and 3^ / B{QG), and so there is an equivalence of derived mapping spaces 

^^Vj^jBcai^^BcG) ~ \n&Y>,^r/B(QG){QX^B{QG)). 

If G is group-like, then QG is a group- like topological monoid which has the homotopy type of a CVF-complex 
and a nondegenerate basepoint, and so CoroUarv I A . 3 1 gives us a weak equivalence of derived mapping spaces 

map,y/B(QG)(Q^,-E(QG)) ~ map(QG),^(P', QG), 

where P' is the homotopy puUback in the diagram 

P' > B{QG) 



QX >E{QG). 



It is similarly straightforward to show that for cofibrant G, Q induces a Quillen equivalence between G^, 
and QG£^ , and so there is an equivalence of derived mapping spaces 

^^Pg.^, (P^ G) map(QG),_y(QP, QG). 

The proof of the theorem will be complete once we have shown that QP is naturally weakly equivalent to 
P' as a QG-space. But this follows because Q preserves homotopy limits up to a zigzag of natural weak 
equivalences. □ 



5.5. Thom spectra. Now suppose that i? is a cofibrant EKMM S'-algebra; by forgetting the unit home- 
omorphism, an ring spectrum. For the work of this section, we need a model of GLiR such that 
Yj'^GLiR is cofibrant as an S'-algebra and there is an action of Y^'^GLiR on R which makes R into a left 
S^GLiP-module. 

Based on Proposition 15.171 we observe that the adjunction described in equation 15.11 passes through 
and takes values in A^o ring spectra, regarded as monoids under A£ which are not necessarily unital. 
Therefore, we can use the adjunction in which GLi participates to obtain the desired action and promote to 
S'-algebras. 

Even better, Proposition 15 . 24l implies that we have a version GLiR which produces a group-like monoid 
in ^* such that R obtains the structure of a E^^GiiP-module directly from the defining adjunction. That 
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is, we have the following structured version of the adjunction 15.11 

> ^, [T] v-^ y/[T] : GLi. (5.33) 

GLi 

where here recall that GLi: [T])^ is given by equation 15.231 The adjoint of the identity 

GLiR GLiR under this adjunction is the map 'E°^GLiR — > R. Taking a cofibrant replacement {GLiRY 
in the category of monoids in , we have a map of S'-algebras 

Y.°^{GLiRY S^GLii? ^ R. 

For the remainder of the section, we will abusively refer to such a model as GLiR. 

Definition 5.34. The Thom spectrum of / is the derived smash product in the homotopy category of 
_R-modules 

It is often useful to have a specific point-set model for this derived smash product which involves only 
operations on /. For this purpose, we sometimes prefer to work with a model of M f given by replacing a 
given map / with a cofibrant-fibrant replacement in the model structure on GLii?- modules over B {iGL\R. 
While the resulting spectrum S^^P will not necessarily be cofibrant as a S^GLiP-module, it can be shown 
to be an extended cell module (in the sense of EKMM9 6 ): this is a flatness condition that ensures that 
smashing with Yi'^P computes the correct homotopy type. Alternatively, we can replace R as a Yj^GL\R-R 
bimodule by a cofibrant bimodule object i?'; it then suffices to work with a fibration to compute the derived 
functor of the Thom spectrum. 

To describe orientations in this setting, we first observe that, by construction, AI f is a right i?-module, 
and if T is a right i?-modulc then there is a natural weak equivalence of derived mapping spaces 

By Proposition 15 . 24l there is a further adjoint weak equivalence of derived mapping spaces 

^fl(M/, T) ^ ^glMP, ^TT). 

For example taking T = R we have 

^R{Mf, R) ~ ^glMP, ^TR)- (5-35) 

Definition 5.36. The space of orientations of Mf is the subspace of components of ^r{AI f, R) which 
correspond to 

^glMP,GLiR) C ^glMP.^cR) 
under the adjunction l|5.35p . That is, we have a pull-back diagram 

(orientations) (M/, R) ^gLir{P, GLiR) (5.37) 



^fl(M/, R) = > ^glMP, ^TR)- 

With this definition. Theorem 1 5 . 321 implies the following. 

Theorem 5.38. The space of orientations of AI f is weakly equivalent to the space of lifts in the diagram 
(|5.3ip . In particular, the spectrum M f is orientable if and only if f : X ^ BcGLiR is null homotopic. 

To make contact with familiar notions of orientation, we'll be more explicit about the adjunctions in 
Definition 15.361 For this it it helpful to observe that the Thom spectrum of a point is equivalent to R. 
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Lemma 5.39. The Thom spectrum of 

{q}^X^ BcGLiR 

is weakly equivalent to R. 

Proof. Let {q} BcGLiR be the inclusion of a point. The instructions in Definition 15.341 tell us that the 
Thorn spectrum is Yi'^P a|<ooq^^jj i?, where P is the honiotopy pull-back in 

P > EcGLiR 



{q} y Z > BcGLiR, 

and {q] Z ^ BcGLiR is a fibrant replacement of {q} in ^-modules over BcGLiR. Since by Proposition 
[QOl EcGLiR BcGLiR is a quasifibration (with fiber GLiR,) it follows that GLiR ~ P as GLiR- 
modules. The result follows easily from this. □ 

Corollary 5.40. Since EcGLiR ~ *, we have 

M{EcGLiR BcGLiR) ~ R. 

Now suppose that f : X ^ BcGLiR is a fibration of ^-modules, and let P be the pull-back in the diagram 

P >EcG (5.41) 

a / 

X^MBcG, 

and let M = Mf. If a is a lift as indicated, then by passing to Thom spectra along d we get a map of 
_R-modules 

a: M ^ R 

which is the orientation associated to the lift d. 

Conversely, suppose that a : AI ^ R is a map of i?-modules. More precisely, fix a cofibrant Yj^GLiR- 
_R-bimodule so that the _R-module Yi'^P As^gLiA R° models M. Each point p ^ P determines a 
GLiR-map 

GLiR P 

and so a map of i?-modules 

jp '■ R° — S+ Gii-R As^GLii? R° M R. 
As p varies the jp assemble into a map 

P ^r{R°,R). 

Put another way, we're studying the adjoint of the composite 

Fr{Y.°^GLiR A^^gl.r R°, As-GLii? R°) = Fr{R°,M) ^ Fr{R°,R). 
In Proposition 16. 2i we show that 

^r{R°,R) ~ n^R, 

and the resulting map 

j : P n'^R 

corresponds to a under the equivalence of derived mapping spaces 

^RiMf, R) ~ ^glMP, ^cR)- 
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Put another way, for each q ^ X, Lemma 15.391 imphes that the Thorn spectrum Mq of {q} X 
BcGLiR is equivalent to R. Passing to Thorn spectra gives a map 



ig : Mq ^ M ^ R. 



By Lemma r5.39[ Mg is non-canonically equivalent to R: indeed, a choice of point p £ P lying over q fixes an 
equivalence R° ~ Mg making the diagram 



R° = > Mg 





R 

commute. Thus we have the following analogue of the standard description of Thom classes as in for example 
|GH81j . 

Proposition 5.42. Suppose that a : M R is a map of R-modules. Then the following are equivalent. 

(1) a is an orientation. 

(2) For each q G X, the map of R-modules 

ig : Mg ^ M R 

is a weak equivalence. 

(3) For each p ^ P , the map of R-modules 

jp ■.R°^M^R 

is a weak equivalence. 

We now move on to discuss the Thom isomorphism in this setting. In this part of the section we tacitly 
assume we are working a point-set model of the Thom spectrum functor throughout, although this is sup- 
pressed from the notation and discussion. Suppose we are given an orientation in the form of a GLi-R-map 
s : P —>■ GLiR, corresponding to an i?-module map 

a: M ^ R, 

where M is the Thom spectrum associated to a map of ^-modules f : X ^ BcGLiR. The diagonal map 
Is.: X ^ X X X induces a diagram 

^ >XxX (5.43) 
Bjn GL 1 R 

in the category of ^-modules over BcGLiR, where here tti is the projection onto the first factor. Passing to 
Thom spectra, we obtain the i?-module Thom diagonal map 

M ^ E^X A M. 

Now, we can form the composite 

M ^ A M ^ E^X A R (5.44) 

as in [MR81] . To see directly that this map is a weak equivalence, we proceed by analyzing the diagonal on 
the level of ^-modules. Specifically, passing to pullbacks the diagram (I5.43P gives rise to a map P ^ X x P 
of Gii-R- modules, where the action on X x P is induced from the actions on X and P via the composite 

{X X P)^Z > {{X X *) K Z) X ((* X P) S Z) > (X H Z) X (P S Z). 

Applying the map s, we obtain the composite map of GPiP-modules 

P^XxP^Xx GLiR. 
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Since s corresponds to a section of the map P ^ X induced by the universal property of the puUback, this 
composite is a weak equivalence, and so there is an induced weak equivalence of EI^GLi-R- modules 

E^P ~ X+ A Giii?. 

Now, passing to Thorn spectra we have an induced weak equivalence of i?-modules 

M = E^P A^^GL.R R^iX+A ^^GLiR) A^^gl.r AR ~ E^X A R. 

It is straightforward to check that this weak equivalence is the same as the composite (|5.44p . Summarizing, 
we have the following proposition. 

Proposition 5.45. If a : M R is an orientation, then the map of right R-modules 

M ^ A M ^ A R 

is a weak equivalence. 

6. The space of units is the derived space of homotopy automorphisms 

In the preceding sections, we associated to an Ao^ or Eoo ring spectrum R the group- like Ao^ or Eoo space 
GLiR which is the pull-back in the diagram 

GLiR >VL°°R 



{t:oRY ^TToP. 

In this section, we connect this definition to a more conceptual definition of GLiR as a derived space of 
automorphisms of R. Specifically, we show that this puUback description of GLiR is weakly equivalent to 
the derived space of homotopy automorphism of P, considered as a module over itself. One of the appealing 
facets of the oo-categorical approach to these matters is that, as we shall see in iJTl it is this conceptual 
definition of GLiR which naturally presents itself. 

Our analysis is closely related to the evident question of how to define GLiR in other modern categories of 
spectra (e.g. diagram spectra). We do not make any particular claim to novelty in this section; in particular, 
May and Sigurdsson provide an excellent discussion of the situation in [MS06[ §22.2] (although note that our 
use of End and Aut is slightly different than theirs) , and the conceptual description we describe is of course 
implicit in the original definition in [MQRT77] . Nonetheless, there are subtleties associated to the interaction 
between cofibrant and fibrant replacements in categories of commutative algebras and the underlying module 
categories that are worth exposing. 

To begin, let us be clear about what we mean by the space of homotopy automorphisms of R as an P- 
module. Suppose that A4 is a symmetric monoidal simplicial or topological category of spectra, and let P be 
a monoid in A4, that is, an S'-algebra. By the space of homotopy automorphisms of P, we mean the subspace 
of P-mod(P, P) consisting of weak equivalences. In order to make this notion homotopically well-defined, 
we need to "derive" it in two ways. First, we should replace P with a weakly equivalent cofibrant-fibrant 
algebra R' . Then, we should find a cofibrant-fibrant replacement R° of P' as a module over itself. 

Definition 6.1. If P' is a cofibrant-fibrant algebra, and M is a cofibrant-fibrant P'-module, then the space 
of endomorphisms of M is 

End(M) =^Alff(M, M). 
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This is a monoid, and by definition the space of homotopy automorphisms of M is the subspace of group-like 
components: that is, Aut(Af) = GLi End(M) is the pull-back in the diagram 

Aut(M) > End(M) 

(7ro(End(M))^) > 7roEnd(M). 

Since M is cofibrant and fibrant, we can equivalently define Aut(M) to be the subspace of End(M) consisting 
of weak equivalences. If R is an arbitrary algebra, then the derived space of endomorphisms of R is the 
homotopy type 

End(i?) = End(i?°) '^^^ Mw{R° , R°), 

where R' is a cofibrant-fibrant replacement of R as an algebra, and R° is a cofibrant-fibrant replacement of 
i?' as a module over itself. The derived space of homotopy automorphisms of R is the homotopy type of the 
subspace 

Aut(i?) = Aut(i?°) c End{R°) ^ Mr.{R\R°). 

We have elected to use the notation Aut(i?) for the space of homotopy automorphisms of even though 
it is not a group, just as we have written GLiR for the space of units, even though it is not a group. This 
is because both are groups in the oo-categorical sense, which is to say that they arise as oo-groupoids of 
automorphisms of objects in oo-categories; equivalently, but from the homotopical point of view, they are 
loop spaces. This notation is nearly inevitable in the setting of oo-categories: as we shall see in ^ in the 
oo-category of (cofibrant-fibrant) i?-modules, the maximal oo-groupoid on the single object R° is the space 
S Aut(i?°) which is a delooping of Aut(i?°). 

As written, we have presented Aut(i?) as a group-like topological or simplicial monoid. In practice, it 
is easier to access this homotopy type if we let R'^ be a cofibrant replacement of i?', and R^ a fibrant 
replacement. Then we have a homotopy equivalence of spaces 

End(i?) ~ MwiR^Rf), 

with Aut(_R) equivalent to the subspace of weak equivalences. 

We shall compare this notion of GLiR to the classical one, in the setting of the S'-modules of ! EKMM96j . 
Let be the Lewis-May-Steinberger category of spectra, and let ^ be the associated category of S'-modules. 

Proposition 6.2. Let R be a cofibrant 
inclusion of derived mapping spaces 

is a model for the inclusion 

considered elsewhere in this paper. 

Proof. If R is an associative or commutative S-algebra, then the underlying i?-module associated to R will 
be fibrant. Thus, we can use R for Rf. In the notation of [EKMM96j . 5'A£LE°°5 is a cofibrant replacement 
for S as an 5- module, and R As LI]°°S' is a cofibrant replacement for R as an i?-module. So the derived 
mapping space ^ji{R'^,R^) is given by 

^r{R As LS°°5°, R) ^ ^{S As LE°°5'°, R) 

9i y[]L]{LJ:^S°,Fc{S, R)) 

= y{j:'^s",Fc{s, R)) 
^n-^^Fcis, R). 



and fibrant S-algebra or commutative S-algebra in . Then the 
Aut{R) End(i?) 

GLiR n°°R 
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By |EKMM96[ §1, Cor 8.7], the natural map of L-spectra 

R^Fc{S,R) 

is a weak equivalence of L-spcctra, and so of spectra. The weak equivalence 

^b{R As LE^^S"", R) ~ n°°R 

follows since preserves weak equivalences. It is then easy to see that the subspace of i?-module weak 
equivalences corresponds to GLiR. □ 

The preceding proposition illustrates how useful it is that in the Lewis-May-Steinberger and EKMM 
categories of spectra, an algebra or commutative algebra R is automatically fibrant as a module over itself. 
In particular, since GLiR is identified as a subspace of ri°°i?, it is straightforward to see how to identify the 
multiplicative structure on GLiR. 

In the setting of a category of diagram spectra (e.g. orthogonal spectra), the situation is somewhat 
more complicated. For an associative S-algebra i?, one can carry out a similar analysis after passing to 
a cofibrant-fibrant replacement of R as an ^-algebra, and the puUback description of GLiR in fact itself 
yields a genuine topological monoid |MS06[ 22.2.3]. But the situation for commutative S'-algebras in the 
diagrammatic setting is different. The model structure on commutative S'-algebras is lifted from the positive 
model structure on (orthogonal) spectra, and in this model structure the underlying S-module of a cofibrant- 
fibrant commutative S'-algebra will not be fibrant; indeed its zero space will be 5"*^, and so 

'^{S, i?) = SV '^{S°, R^) ^ hEnd{R). 

Of course, one can instead replace the given commutative S'-algebra by an associative S'-algebra instead, but 
in this case it is impossible to recover the Eao structure on GLiR. To describe GLiR in this setting requires 
a different construction; see [Sch04| or |L09| for a description. 

The problem that arises above is a manifestation of Lewis's theorem |Lew91l about the nature of symmetric 
monoidal categories of spectra. If 5 = E'^S'" is cofibrant (as it is in diagram categories of spectra), then the 
zero space of a cofibrant-fibrant commutative S-algebra must not be homotopically meaningful, as otherwise 
we could make a cofibrant-fibrant replacement S" of S, and 

'if{S, S") ~ QS° 

would realize QS^ as a commutative topological monoid. On the other hand, if the zero space of a cofibrant- 
fibrant commutative S-algebra is homotopically meaningful, then S cannot be cofibrant, and the (S°°, ri°°) 
adjunction must take a modified form (as it does in the setting of EKMM spectra). 

7. Parametrized spectra, units and Thom spectra via oo-categories 

7.1. Introduction. In this section, we show that the theory of oo-categories developed by Joyal and Lurie 
provides a powerful technical and conceptual framework for the study of Thom spectra and orientations. 

In this setting, an A^o ring spectrum R has an associated cxD-category i?-mod of (right) _R-modules. We 
define an R-line to be a _R-module L which admits an equivalence 

We define i?-line to be the sub-cx)-category of i?-mod in which the objects are i?-lines and in which the 
morphism space 

i?-line(L, M) C i?-mod(L, M) 
is the subspace of equivalences. As such i?-line is an oo-groupoid, i.e. a Kan complex. A trivialization of an 
i?-line L is an equivalence 

L^i?, (7.1) 

and we define i?-triv to be the cxD-groupoid 

i?-triv = i?-line/jj (7.2) 
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of trivialized i?-lines. The forgetful map 

i?-triv — > i?-line 
is a Kan fibration, and is our model for the fibration 

EGLiR BGLiR. 

If X is a Kan complex, then a map (equivalently of simplicial sets or cx)-categories) 

f -.X R-line (7.3) 
is a family of _R-lines parametrized by X. The Thom spectrum of / is just the (oo-categorical) colimit 

Mf =' colim(X ^ i?-hne -> i?-mod). 

Using this definition and the description (|7.2p of i?-triv, one sees that the space of orientations Mf — > i? is 
equivalent to the space of lifts 

i?-triv (7.4) 
X ^y-> i?-line. 

It is possible to develop the theory of Thom spectra and orientations using only these observations, together 
with some basic facts about oo-categories from |HTT) and about symmetric monoidal model categories of 
spectra; in fact, this is our approach in SjB] We recommend that the reader who is unfamiliar with cx)- 
categories begin with that treatment before reading this section. Nonetheless, this geodesic approach to the 
construction obscures some of the essential clarification provided by the oo-categorical point of view. 

For example, in this setting, we can make precise the slogan that i?-line is the classifying space for bundles 
of i?-lines. Specifically, there is a universal bundle of i?-lines ^ over i?-line, and the map of simplicial sets 
(|7.3p classifies the bundle of i?-lines f*^ over X. Moreover a lift in (|7.4p corresponds to an equivalence 

where Rx denotes the trivial bundle of i?-lines over X. 

In this section, we sketch the theory of bundles of _R-modules, and use it to discuss Thom spectra and 
orientations. The story we tell reflects the close connection between abstract homotopy theory and oo- 
category theory arising from the fact that oo-groupoids are a model for spaces. However, given an existing 
theory of oo-categories, it is possible to construct the oo-category of oo-groupoids without any mention of 
spaces whatsoever. We adopt this approach here: beginning with the notion of oo-category, we summarize 
and expand on ideas from (HTTl IDAGIi IDAGIIi [DAGIII^ to review the construction of oo-categories of oo- 
groupoids (spaces), stable oo-groupoids (spectra), and bundles of stable oo-groupoids (bundles of spectra). 
With these foundations in place, we discuss Thom spectra and orientations. 

This approach has the advantage of being both self-contained and concise, but it has the disadvantage 
of being less concrete and potentially hiding the relationship to the established theory. In particular, as 
discussed in Remark [7.151 in the interests of expositional manageability we have chosen not to discuss the 
comparison between the approach to parametrized spectra discussed in this section and the parametrized 
spectra of May-Sigurdsson; this comparison will appear in a future paper. 

However, at the level of Thom spectra and orientations, we do take pains to relate the abstract theory of 
this section to more concrete approaches: as mentioned above, in ijB]we take in some sense the opposite ap- 
proach and show how to develop the oo-categorical approach to Thom spectra and orientations, starting with 
an existing symmetric monoidal category of spectra such as ^-modules or symmetric spectra. Furthermore, 
in |j8l we provide a comparison between our various approaches to Thom spectra. 

Our story in this section is independent of the material in ij3] — SJH 
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7.2. oo-Categories and cxo-Groupoids. For the purposes of this paper, an cx)-category wih always mean a 
quasicategory in the sense of Joyal [Joy02| . This is the same as a weak Kan complex in the sense of Boardman 
and Vogt |B V73j : the different terminology reflects the fact that these objects simultaneously generalize the 
notions of category and of topological space. Specifically, recall that a quasicategory is a simplicial set which 
satisfies certain lifting properties. 

Given two oo-categories and the oo-category of functors from to '3 \s simply the simplicial set 
of maps from to ^ as simplicial sets. More generally, for any simplicial set X there is an cxD-category of 
functors from X to Fun(X,<^): By [HTT, Proposition 1.2.7.2, 1.2.7.3], the simplicial set Ym\(X,'€) is a 
quasicategory whenever is, even for an arbitrary simplicial set X . 

An oo-groupoid is an oo-category with the property that its homotopy category is a groupoid (cf. [HTT, 
§1.2.5]); equivalently |Joy02| , an oo-category is a Kan complex, and so the homotopy category is the fun- 
damental groupoid of the underlying simplicial set. Just as ordinary categories are categories enriched over 
0-groupoids, or sets, an oo-category is essentially a category enriched over oo-groupoids, or spaces. Indeed, 
if is an oo-category, and a and h are a pair of objects (vertices) of ^ then the oo-groupoid ^€ (a, 6) of maps 
from a to 6 in may be modeled as the fiber 

(a, 6) — ^ Fun(A\ — > Fun(aAi , ^) 

over the object (a, 6) of x = Fun(9A^,'^) (see [HTT, §1.2.2] for more details on this and various 
other homotopy equivalent models for ^(a, 6)). Since oo-categories are to be thought of as enriched over 
oo-groupoids in a higher categorical sense (which we will not make precise), we should regard ^(a, 6) as only 
being defined up to equivalence, and so we shouldn't expect a composition map "^(a, 6) x ^(6, c) — *■ "^(a, c), 
but rather a contractible space of possible composites. Nonetheless, we still write gf : a ^ c for a composite 
of f : a b and g : b ^ c. 

The description of Fun('^, i^) described above gives rise to categories of oo-categories and oo-groupoids, 
but the real power of this approach comes from having oo-categories Catoo and Gpd^^ of oo-categories and 
oo-groupoids, respectively. We construct these oo-categories by a general technique for converting a simplicial 
category to an oo-category: there is a simplicial nerve functor N from simplicial categories to oo-categories 
which is the right Quillen functor of a Quillen equivalence [HTT, §1.1.5.5, 1.1.5.12, 1.1.5.13] 

£ : SetA ^ CatA : N. 

Note that this process also gives rise to a standard passage from a simplicial model category to an oo-category 
which retains the homotopical information encoded by the simplicial model structure. Specifically, given a 
simplicial model category A4, one restricts to the simplicial category on the cofibrant-fibrant objects, Ai° . 
Then applying the simplicial nerve yields an oo-category NA1°. 

Given oo-categories ^ and 3, we have the oo-category of functors Fun(^, 'rf) from 3 to 'rf; from this we 
obtain an oo-groupoid map(^, '^) by forgetting the non-invertible natural transformations. Then Catoo is 
the simplicial nerve of the simplicial category of oo-categories, in which the mapping spaces are made fibrant 
by restricting to maximal Kan subcomplexes, and Gpd^^ is the full oo-subcategory of Catoo on the oo- 
groupoids, or equivalently the simplicial nerve of the simplicial category of oo-groupoids (here the mapping 
spaces are automatically fibrant since natural transformations of oo-groupoids are always invertible). 

7.3. Bundles of oo-groupoids. Because oo-categories are enriched over oo-groupoids, oo-groupoids play 
a role in oo-category theory analogous to that of sets in ordinary category theory. In particular, the oo- 
category of oo-groupoids inherits one of the most important exactness properties enjoyed by the category 
of sets: colimits commute with base-change. That is, if Xa is a diagram (possibly even indexed by an 
oo-category '^) of oo-groupoids, with colimit 

colim Xa — X, 

then, for any map / : X' ^ X, 

X' ~ PX ~ colim 
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where is regarded as sitting over X via the inclusion into the coUmit 

Xa — > coUm Xn ~ X. 

To sec this, it will be convenient to show a slightly stronger statement. 

Proposition 7.5. The base-change functor 

f* : Gpd^^y^ > Gpd^/x' 

admits a right adjoint (in the oo- categorical sense, as in [HTT, %5.2.2]). In particular, f* commutes with 
colimits. 

Proof. This can be verified directly on the level of simplicial sets. To do so, first note that, replacing X' 
by an equivalent oo-groupoid if necessary, we may assume without loss of generality that f : X' ^ X is a 
fibration of (fibrant) simplicial sets. Since SetA is an ordinary topos, 

/* : SetA/x — > SetA/x' 

admits a right adjoint 

/* : SetA/x' — > SetA/x 

which together comprise a Quillen pair, as /* preserves cofibrations and weak equivalences (here we are using 
right properness). Moreover, this Quillen pair is compatible with simplicial model structures, so it extends 
to a simplicial adjunction of simplicial categories. It therefore follows from [HTT, Proposition 5.2.2.12] that 
restricting to (co)fibrant objects and forming simplicial nerves yields the desired adjunction on the level of 
oo-categories. □ 

Given a Kan complex X, let Fih{X) denote the (large) simplicial category of fibrations Y X with 
target X. In other words, Fib(X) is the full simplicial subcategory of simplicial sets over X consisting of the 
fibrations. This is a contravariant simplicial functor in Kan complexes X, so applying the simplicial nerve 
functor 

N : CatA — > SetA 
yields a presheaf ^ of (large) oo-categories on Gpd,^ . 

Proposition 7.6. The fibrant simplicial category Fih{X) is a model for the slice oo-category Gpd^^xi ^^o-t 
is, for each Kan complex X, there is an equivalence of oo-categories 

^{X) = NFib(X) ~ Gpd^/^ . 

Proof. The projection -^{X) Gpd^^ induces a map =^(X)/i^ — > Gpd^^/j^, where Ix is the identity 
fibration X ^ X. The desired map is the composite 

^(X) ^(X)/i, Gpd^/^, 

where the first map is a homotopy inverse of the projection .^{X) ^{X), which by [HTT, Proposition 
1.2.12.4] is a trivial fibration as Ix is a final object of ^{X). It is essentially surjective because any Z ^ X 
admits a factorization Z ^ Y ^ X with Z ^ Y a, homotopy equivalence and Y ^ X a, fibration, so 
it only remains to check that it is fully faithful. Indeed, if y — > X and Z — > X are fibrations, then 
map/jf (Z/X, Y/X) is the homotopy fiber of the map 

map(Z, Y) — > map(Z, X) 

given by composing with Y ^ X over the vertex defined by Z — > X; since F — > X is a fibration, this is 
equivalent to the ordinary fiber, which is the mapping space in Fib(X) and hence also in =^(X). □ 

Proposition 7.7. Let X be an oo-groupoid. Then X is a colimit (in the oo-category of oo-groupoids) of the 
constant functor 1 : X ^ Gpd,^ with value the terminal oo-groupoid 1. 
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Proof. Let ^ denote the full oo-subcategory of Cpdj^ spanned by the cxD-groupoids X with the property 
that colimx 1 ~ X; note that is nonempty, as it contains the terminal oo-groupoid 1. Now clearly is 
closed under (possibly infinite) coproducts and, according to [HTT, Proposition 4.4.2.2], is closed under 
pushouts. Hence, by [HTT, Proposition 4.4.2.6], is closed under arbitrary colimits, and any oo-groupoid 
X may be built out of colimits from the terminal oo-groupoid: indeed, S'" = 1 ]J 1 , so inductively S" arises 
as the pushout of 1 ^ S"^^-^ — * 1, and an arbitrary X is a colimit X = colim„ sk„X, where skoX is discrete 
and skn+iX is obtained from sk„X as a pushout U 1 ^ U ~* sk„X. Hence = Gpd^. □ 

Proposition 7.8. Let X be an oo-groupoid. Then the colimit functor 

Fun(X,Gpd^) — > Gpd^ 

factors through Gpd^/x^ ^'^'^ ^he induced map 

Fun(X, Gpd^) — > Gpd^/^ 

is an equivalence of oo- categories. In particular if X — BG is an oo-groupoid with a single object * and G 
is the group-like monoidal oo-groupoid G — mapxi*^ *); then there we have an equivalence 

Fun{BG, Gpd^) ~ Gpd^/s^ 
between the oo-category of oo- groupoids with an action of G and the oo-category of oo- groupoids over BG. 
Remark 7.9. Since X is an oo-groupoid, we have X ~ X°p, and so 

Fun(X°^Gpd^)~Gpd^/;, 

as well. This is a natural model for Gpdj^y^ when we think of an oo-groupoid over X as a presheaf of 
oo-groupoids on X, as we do for example in Proposition 18. Ill 

Proof. First note that, while colim is not ordinarily a functor, we may model it as the derived functor of a 
(functorial choice of) colimit 

colim : Fun(G:[X], SetA) — > Set a 

on the level of model categories, where the model category on the left is equipped with the projective model 
structure. Also note that the first claim is a special case of the following fact: given oo-categories 'i' and & 
such that 't^ has a terminal object 1 and given a functor f : ^ then / factors through the projection 
!^/f{i) since / determines a functor ~ '^/i By Proposition 17.71 X is a colimit for the 

terminal functor I : X ^ Gpd^^^, giving an equivalence X ~ /(I) and thus a factorization of the colimit 
through Gpd^/x- 

It remains to show that this resulting map is an equivalence of oo-categories, which is to say that it 
is fully faithful and essentially surjective. For this we may assume that X is connected, since otherwise 
X ~ UttoX -^oi with each Xa connected and, given the result for connected oo-groupoids, we deduce that 

Fun{X, Gpd^) ~ Y[ Fnn{Xa, Gpd^) ~ Y[ Gpd^/x^ ^ Gpd^/x • 

a a 

But then X 2± BG, where G is the group-like simplicial monoid of endomorphisms of any object of £[X], and 
the colimit (in this case, the quotient by the action of G) determines a Quillen equivalence of simplicial model 
categories between G-simplicial sets over EG, equipped with the projective model structure, and simplicial 
sets over BG (see Appendix I A. 21 for further details on this). Passing to oo-categories yields an equivalence 

N(Setg)° ^ Fun(i?G,Gpd^) ^ Gpd^/^^ 

and hence also the desired equivalence 

Fun(X, Gpd^) ~ Gpd^/x ■ 

□ 
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Said differently, ^ is represented (in the oo-category of large oo-categories) by the cx)-category of oo- 
groupoids. Moreover, we may work with in place of the equivalent but much larger oo-groupoid 

G.^ii^lx by replacing the colimit with a map 

Fun(X, Gpd^) — > .^{X) (7.10) 

described as follows. 

There is a universal bundle of oo-groupoids — > Cpd^^ over Gpd^^, characterized by the fact that 
the fiber over the oo-groupoid T (a vertex of the quasicategory Cpd^^^) is T itself (see [HTT, §3.3.2] for a 
treatment of universal fibrations in more general contexts). Given a functor / : X — > Gpd^^, the restriction 
Z*"^ — > X of Gpdoo along / is an c>o-groupoid over X such that the fiber of J*"^ ^ X over an object 

a; of X is the oo-groupoid /(x). We think of F = /*'^ ^ X as the bundle of oo-groupoids classified by 
the map f : X —> Gpd^^. There is also an inverse procedure which associates to an arbitrary bundle of 
oo-groupoids Y ^ X over X a functor f : X ^ Gpd^o, whose value on the object x is equivalent to the 
fiber Yx of Y over x, but this process is less explicit (cf. [HTT, §2.2.1]). 

We may also want to consider more specific types of fibrations over X; in particular, we will be interested 
in those fibrations Y ^ X such that, for each object x of X , the fiber Y^ is equivalent to a fixed oo-groupoid 
F. These are precisely those fibrations equivalent to ones of the form f*'^ for some f : X ^ Gpd^^ which 
factors through the inclusion BFjnd{F) Gpd^, where BEnd{F) denotes the full oo-subcategory of Gpd^ 
on the object F (an oo-category with one object and endomorphisms End(i^)). In other words, the functor 
of fibrations with fiber F is represented by the oo-category BFiiid(F); generally, we're more interested in its 
maximal oo-subgroupoid, which is represented by the oo-groupoid B Aut(i^). This description shows that it 
is enough to consider principal Aut(f )-bundles instead, since the two functors are equivalent. 

An oo-category equipped with a mapping space functor 

<^op X <r — > Gpd^ 

induces a Yoneda embedding 

^ — >Fun(<^°f,Gpd^). 

Of course, in oo-category theory, mapping spaces are not uniquely defined, much less functorial. In par- 
ticular, there is not really a canonical choice of a Yoneda embedding; instead, as with other oo-categorical 
constructions, it's only defined up to a contractible space of choices. 

Remark 7.11. This "problem" goes away if we work instead with the more rigid model of simplicial 
categories. Here we have a simplicial mapping space functor 

X "^l ~ €['rf]''P X — > SetA ^ Kan 

which we may suppose (after taking a fibrant replacement) lands in the simplicial category of Kan complexes. 
Passing back via the simplicial nerve yields a functorial assignment of mapping spaces 

'^°P X ~ mi'^'^P X — > NKan = Gpd^ 

and hence a particular choice of Yoneda embedding — > Fun('^°^', Gpd^^) = Pre('^). In general, we define 
the Yoneda embedding Pre('^) to be any functor equivalent to the one constructed in this way. 

Proposition 7.12. Let X ^ Y be a map of oo-groupoids and let Y — > Gpd^^^y be the Yoneda embedding. 
Then, as an oo-groupoid over Y , X is a colimit of the composite X ^ Y ^ Gpdj^yy. 

Proof. Since Y ~ colimy- 1 and colimits commute with base-change, we obtain a decomposition X ~ 
colimyXj,, where Xy denotes the fiber (calculated in the oo-category of oo-groupoids) oi X ^ Y over 
the object y; that is, Xy : Y — * Gpd^^ is the functor obtained from Y ^ X via the equivalence Gpd^^yy ~ 
Fun(y, Gpdg^). As in the proof of Proposition 17. 7[ we easily reduce to the case in which Y is the terminal 
oo-groupoid 1, in which case X is evidently a colimit of the functor 1 — » Gpd,^ with value X. □ 



UNITS OF RING SPECTRA AND THOM SPECTRA 



51 



We'll be most interested in the case where Y = BG is the one-object cxD-groupoid associated to a group-like 
monoidal cxD-groupoid G; i.e. G ~ mapgg.(*, *). Then 

Gpdoc/BG ~ Fun(BG, Gpd^) 

is the cxD-category of oo-groupoids equipped with an action of G, and the Yoneda embedding 

BG ^ Gpd^/sG - Fun(i?G°^ Gpd^) 

sends X BG (viewed as a generalized element of the oo-groupoid BG) to X ^ BG (viewed as an 
cxD-groupoid over BG), or, equivalently, to the fiber oi X BG over * BG equipped with its natural 
G ~ map/^(3(*, *)-action (viewed as a functor BG — > Gpd^^). 

Corollary 7.13. Let X BG be an oo-groupoid over BG, and write P{X) ~ X x bg * for the associated 
G -oo-groupoid. Then P{X) is a colimit of the composite X BG followed by the Yoneda embedding 
BG Fun(BG°P, Gpd^) . □ 

7.4. Bundles of stable oo-groupoids. A pointed cx)-category with finite limits is said to be stable if 
the endofunctor 

n-.'tf y'tf, 

defined by sending X to the limit of the diagram * ^ X ^ *, is an equivalence [DAGIi Corollary 10.12]. 
Strictly speaking, Q, as defined, is not actually a functor on the level of cxD-categories (though it can be 
strictified to form one), but it's enough to check that induces an endo-equivalence of the homotopy 
category of A morphism of stable (X)-categories is an exact functor, meaning a functor which preserves 
finite limits and colimits [DAGIi §5]. 

More generally, given any oo-category ^ with finite limits, the stabilization of 'rf is the limit (in the 
oo-category of c»-categorics) of the tower 

r 1^}^ r , 



where denotes the pointed oo-category associated to ^ (the full oo-subcategory of Fun(A^,'^) on those 
arrows whose source is a final object * oi ^). See jPAGIi §10] for more on stabilization. Provided 
is presentable, Stab('^) comes equipped with a stabilization functor EJj" : "^^ Stab('^) functor from 
}DAGH Proposition 17.4], formally analogous to the suspension spectrum functor, and left adjoint to the 
zero-space functor Vl^ : Stab('^#') ^ (the subscript indicates that we forget the basepoint). Hcuristically, 
Stab is left adjoint to the inclusion into the oo-category of presentable oo-categories of the full oo-subcategory 
of presentable stable oo-categories (note that morphisms of presentable oo-categories are colimit-preserving 
functors). In other words, a morphism of presentable oo-categories — > ^ such that '3 is stable factors 
(uniquely up to a contractible space of choices) through the stabilization SJJf : ^ Stab('^) of (cf. 
[DAGII Corollary 17.5]). 

According to [DAGIIll Corollary 6.24], Stab(Gpd32) is a symmetric monoidal oo-category under the smash 
product, in such a way that 

: Gpd^ — > Stab(Gpd^) 

is a strong symmetric monoidal functor (with respect to the cartesian monoidal structure on Gpd^^). In 
particular, S = E^l is a unit for a symmetric monoidal structure A on Stab(Gpdg^). Here 1 denotes the 
terminal oo-groupoid, the unit for the cartesian monoidal structure on Gpd^^. 

Since S is the unit of the symmetric monoidal structure on Stab(GpdQ^), an 5-algebra is just a monoid 
for the A-product. Given an 5-algebra i?, we write i?-mod for the oo-category of right JJ-modules. If R is 
commutative then i?-mod inherits a symmetric monoidal structure l\n for which i? is the unit. 

Now, for any oo-groupoid X, the equivalence 

Gpd^/x ~ Fun(X, Gpd^) 
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induces an equivalence of stabilizations 

Stab(Gpd^/_,f) ~ Stab(Fun(X,Gpd^)). 

Since limits in functor categories are computed pointwise, one easily checks that 

Stab(Gpd^/^) ~ Stab(Fun(X, Gpd^)) ~ Fun(X, Stab(Gpd^)); 

that is, the oo-category of bundles of stable oo-groupoids over X — the stabilization of the oo-category of 
bundles of oo-groupoids over X — is equivalent to the oo-category of functors from X to stable oo-groupoids. 

The resulting oo-category Stab(Gpdo^/j5-) is closed symmetric monoidal under the fiberwise smash product 
Ax |MS06j . as well as enriched, tensored and cotensored over Gpd^/x- We write Sx for the sphere over X, 
the unit of the symmetric monoidal product Ax- Note that Stab(Gpdg^^^) is naturally equivalent to the 
oo-category iSx-mod of ^x-modules. 

All of this works equally well for any S'-algebra R. Writing p : X ^ 1 for the projection to the terminal 
Kan complex, then 

i?x 

is an associative S'x-algebra, and we may form the oo-category i?x-mod of right i?x-niodules. We also have 
an equivalence 

Fun{X, R-mod) ^ Rx-mod, (7.14) 
the i?- module analogue of the equivalence (|7.10p . which we may think of as arising from pulling back a 
universal bundle of i?-modules S' over i?-mod. 

Remark 7.15. Since they are not necessary to obtain the main results of this paper, we have chosen to omit 
detailed discussion of certain foundational results necessary for a full theory of parametrized spectra in the 
oo-categorical context. For one thing, for consistency one should compare the oo-category Fun(X, S^) to the 
May-Sigurdsson model category of spectra parametrized by X. Although this comparison is conceptually 
straightforward, the technical details are not insubstantial and so we leave the comparison for another paper. 
Note however that we do implicitly perform a part of such a comparison in our discussion of the equivalence 
of various definitions of the Thom spectrum functor. 

Furthermore, we also have chosen to defer the explicit construction of the universal bundle of i?-modules 
over i?-mod, as that requires the significantly more complicated theory of left fibrations of (stable) oo- 
groupoids over oo-categories; see [HTT, §2] for details of the unstable theory. Fortunately, this construction 
is again not actually necessary for our work in this paper, as any bundle of i?-modules over an oo-category 

is classified (up to equivalence) by a functor ^ — > i?-mod. In other words, the reader is free to take 
Fun('^, i?-mod) as the definition of i?<^-mod, in which case the equivalence Fun(^, i?-mod) ~ R-^-mod is 
actually equality. From this point of view, the universal bundle of i?-modules (o over i?-mod corresponds to 
the identity map i?-mod — s- i?-mod, and pulling back the universal bundle along a functor / : — > i?-mod 
corresponds to precomposing the identity with /. 

A map of spaces f : X Y gives rise to a restriction functor 

/* : i?y-mod i?x-niod 

which admits a right adjoint /* as well as a left adjoint f\. This means that, given an i?x-niodule L and an 
i?y-module M, there are natural equivalences of oo-groupoids 

RY-mod{f<L, M) ~ i?x-mod(L, f*M) and i?x-niod(/*M, L) ~ i?y-mod(Af, /*L). 

If M ~ ip*S' is the bundle of i?-modules classified by the functor Tp : Y i?-mod, then f*M ~ f*'ip*r^; 
similarly, if L ~ tp*^ for some if : X i?-mod, then /iM and /*M are classified by the left and right Kan 
extensions, respectively, of (p along /. 

The projection formula asserts that the adjoint 

ML Ax f*M) ^ f,LAY M 
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of the composite 

L Ax f*M — > f*fiL Ax f*M ~ f*{f,L Ay M) 
is an equivalence (here we are using the fact that /* is strong monoidal). To see this, we merely need to 
examine the fiber over an object y of Y: 

ft{L Ax f*M)y colim(L^ A f*M^) ~ colim(L^ A My) 

X^Xy X^Xy 

~ (colimLa;) A My ~ f,Ly A My ~ (/iL Ay M)y. 
xeXy 

This has some notable consequences. Given a second i?y-module N, the equivalences 
map{L,f*M&Px{M,N))c^ma.p{fiLAx M,N)o^m&p{L Ay f*M, /*Ar) ~ map(L, Mapy (/*M, f*N)) 
and 

map(M, Mapy (/,L, N)) ^ map(/!L Ay M, N) ~ map(L Ax f*M, f*N) ^ (M, Mapx(L, rN)) 

imply that the natural maps 

/* Mapy(M, TV) Ma^PxirM, rN) and Ma.py{f,L, N) U Map;^ (L, pN) 

are equivalences of iJ^-modules and JJ-y-modules, respectively. It also follows that the tensor of the space 
f : X —>Y over Y with the i?y-module M is given by f\f*M: indeed, f — f \ idx, so 

mMf\f*M,N) c^i map{f*MJ*N) ~ map(idx, /* mapy(M, TV)) ~ map(/, mapy (M, A^)). (7.16) 

In other words, 

E??/+ Asy M ~ /,/*M, (7.17) 
and in particular /+ A^^ Ry ~ ftf*Ry is the free iiy-module on /, where /+ : X + Y^Y is X^Y 
plus a disjoint basepoint F — » y. 

7.5. Bundles of i?-lines. 

Definition 7.18. An i?-line is an ii-module M which admits an i?-module equivalence M c± R. 

Let J?-line denote the full oo-subgroupoid of i?-mod spanned by the ii-lines. This is not the same as the 
full oo-subcatcgory of i?-mod on the i?-linc;s. as a map of i?-lines is by definition an equivalence. We regard 
7?-line as a pointed cxD-groupoid via the distinguished object R. 

Remark 7.19. i?-line is a subcategory of the oo-category i?-mod in the sense of [HTT, 1.2.11]. Indeed, 
our definition really specifies ho ii-line as a subgroupoid of the homotopy category ho i?-mod of i?-mod (the 
full subgroupoid consisting of those i?- modules which are isomorphic to R in hoii-mod). Then ii-line is 
obtained as the puUback of simplicial sets 

i?-line > i?-mod 

1 1 

N hoi?- line > N hoi?- mod. 

Since limits of weak Kan complexes are again weak Kan complexes, i?-line is an oo-category; moreover, its 
homotopy category is the groupoid ho i?-line, basically by construction, so in fact i?-line is an oo-groupoid. 

Fix an oo-groupoid X and write p : X ^ 1 for the projection to the terminal oo-groupoid. Recall that 
Rx = p*R is the unit of the symmetric monoidal oo-category i?x-mod of bundles of i?-modules over X. 

Given an oo-category we write Iso('^) for the maximal oo-subgroupoid of 'tf, obtained by throwing 
away all noninvertible arrows of Thus, if a and b are objects of 'if, Iso('^^)(a, 6) is the subcomplex of 
('^)(a, 6) consisting of the equivalences. 

Definition 7.20. The oc-groupoid i?x-line is the full oo-subgroupoid of Iso(i?j!f-mod) on those i?x-modules 
M such that, for all objects x of X, the fiber M^ of M over x is equivalent to R. 
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Proposition 7.21. There is an equivalence 

Rx-\ine{L,M) ~ Iso(i?jf -mod)(L, Af), 

natural in Rx -lines L and M. 

Proof. i?x-line a full oo-subgroupoid of lso{Rx-mod). □ 

The restriction of the universal i?-niodule bundle # over i?-mod along the inclusion j : i?-line i?-mod 
is the universal i?-line bundle = j*S' over i?-line. This is the analogue of the tautological line bundle in 
geometry: the fiber over the line I G P°° is the line itself. 

Proposition 7.22. There is a commutative diagram of oo-categories 

Fun{X, i?-line) > i?jf-line 



Fun(X, i?-mod) > Rx-mod 

in which the vertical maps are inclusions of full oo -subgroupoids and the horizontal maps are equivalences. 

Proof. The fibers of an i?x-niodule L are equivalent to R if and only if L ^ ip*S' for some cp : X ^ _R-mod 
such that If factors through the inclusion i?-line i?-mod. Hence i?x-line is the full cxD-subgroupoid of 
Rx-mod on those objects in the essential image of Fun(X, i?-line) via the map Fun(X, i?-mod) Rx-'oiod 
of 17.141 this map is an equivalence, so Fun{X, i?-line) ~ i?x-line. □ 

Corollary 7.23. The fiber over the oo-groupoid X of the projection Cpdooyj^jj^, Cpd^^ is equivalent to 
the oo-groupoid i?x-line. 

Proof. _Rx-line ~ Fun(X, i?-line) ~ Gpd^{X^ i?-line), and, in general, the oo-groupoid "^(a, b) of maps from 
a to 6 in the oo-category may be calculated as the fiber over a of the projection "^/f, ^ □ 

Definition 7.24. A trivialization of an i?x-inodule L is an i?x-inodule equivalence L Rx. The oo- 
category i?x-triv of trivialized i?-lines is the slice category 

i?x-triv =^ _Rx-line//f^, . 

The objects of i?x-triv are trivialized i?x-lincs, which is to say i?x-lines L with a trivialization L — > Rx] 
more generally, an n-simplex A" — * i?x-triv of Rx-tirv is a map A"* A" i?x-linc of i?x-line which sends 
A" to Rx. There is a canonical projection 

t-x '■ -Rx-triv — > i?x-line 

which sends the n-simplex A"* A" i?x-line to the n-simplex A" — » A"*A° _Rx-line; according to (the 
dual of) [HTT, Corollary 2.1.2.4], this is a right fibration, and hence a fibration as _Rx-line is an cxo-groupoid 
[HTT, Lemma 2.1.3.2]. 

When X is the terminal Kan complex, we write i?-triv in place of i?x-triv and l : i?-triv — !• i?-line in 
place of tx- Given a map / : X — > i?-line, we will refer to a factorization 

i?-triv 

/ I. 

X — ^ i?-line. 

of / through i as a trivialization of /; i.e. Triv(/) is the fiber over / of : Fun(X, i?-triv) — > Fun(X, _R-line). 
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Proposition 7.25. Let X be an oo-groupoid. Then i?x-triv is a contractible oo-groupoid, and the fiber of 
the fibration 

f'X '■ i?x-triv — > i?x-line 
over an Rx-line L is the (possibly empty) oo-groupoid Triv(L) of trivializations of L. 

Proof. Once again, use the description of "To {a, b) as the fiber over a of the projection "^/f, together 
with the fact that if is an c»-groupoid then '^S'/},^ an oo-groupoid with a final object, is contractible. □ 

Corollary 7.26. For any / : X — > i?-line there is a commutative diagram of oo- groupoids 

Triv(/) !■ Fun(X, i?-triv) > Fun{X, R-\me) 

Triv(/*^) > Rx-triv !■ Rx-\me 

in which each of the squares is cartesian and each of the vertical maps is an equivalence. 

Proof. Indeed, 

Fun(X, _R-line/^) ~ Fun(X, i?-line) /p*^ ~ i?x-line/jj^ , 
so the right-hand square is cartesian. The left-hand square is obtained by taking the fiber over /. □ 

7.6. Thom i?-modules and orientations. 
Definition 7.27. The Thorn i?-modulc is the functor 

M : Gpd^/^_ii„^ — > R-mod 

which sends f : X ^ i?-line to 

Mf^^'p^J*^, 

the push-forward of the restriction along / of the universal i?-line bundle .if. 
Remark 7.28. In terms of the equivalences 

Rx-^od ~ Fun(X, i?-inod) 

and 

i?jc-line ~ Fun(X, i?-line), 
the i?x-hne /* corresponds to the map 

X i?-line — > i?-mod, 

and then Mf is the colimit 

Mf = cohm(X ^ i?-line -> i?-mod). 

As we shall see, this is a very useful formula for the Thom spectrum. It is the only formula available in the 
development in fjB] 

We also obtain another useful characterization in the following proposition. 

Proposition 7.29. Let G be a group-like monoidal oo-groupoid with delooping BG — that is, an oo-groupoid 
with one object * and an equivalence G ~ flBG ~ AvLtBci*) — o^f^d suppose that X ~ BG. Then 

Mf ^ i?/G, 

where G acts on R by R-module maps via Qf : G ~ flBG — s- ili?-line c± Ant jj(R). 
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Proof. Evidently, R/G \s the colimit of the composite functor 

BG BAutji{R) ~ R-line R-mod 

classiiying the i?BG-niodule f*^. But a colimit is a special case of a left Kan extension; namely, the left 
Kan extension along the projection p : BG ^ * to the point. □ 

With these in place, one can analyze the space of orientations in a straightforward manner, as follows. 
First of all observe that, by definition, we have a weak equivalence 

R-mod{Mf,R) ~ Rx-mod{f*^,p* R). 

Definition 7.30. The oo-groupoid of orientations of Mf is the "pull-back" 

orfl(M/,i?) > R-mod{Mf,R) 

(7.31) 

Rx-\me{f*.^,p*R) > Rx-mod{f*^,p*R). 

The cx)-groupoid otji(M f, R) enjoys an obstruction theory analogous to that of the space of orientations 
described in Definition 15.361 The following theorem is the analogue in this context of Theorem 15.381 

Theorem 7.32. Let f : X —>■ i?-line be a map, with associated Thorn R-module M f . Then the oo-groupoid 
of orientations M f —>■ R is equivalent to the oo-groupoid of lifts in the diagram 

i?-triv (7.33) 
X ^y^- i?-hne. 

Proof. According to Corollarv l7.261 the oo-groupoid Triv(/) of factorizations of / through l is equivalent to 
the cxo-groupoid Triv(/*^) of i?x-inodule equivalences from f*^ to p*R. □ 

Corollary 7.34. An orientation of Alf determines an equivalence of R-modules 

Mf ~ S^X A R. 

Proof. The desired map is the composite 

OTR{Mf,R) -^lso{Rx-mod){f*^,p*R) lso{R-mod){p,f * ^,p,p* R) ^l8o{R-mod){pJ*^,T.°^X A R), 

where the first map is the equivalence of 17.311 the second map applies pi, and the last map composes with 
the canonical equivalence p\p*R ^"^X A i? of (j7.16|l . □ 

7.7. cx)-category of i?-modules from model categories of spectra. Our cxD-categorical treatment of 
Thom spectra has been based on the the symmetric monoidal cxD-category of spectra developed in [DAGIi 
ID AGIIi [DAGIIIj . We associate to an algebra R in Stab(Gpdoo) the oo-category i?-line, and then a Thom 
spectrum functor 

(Gpd3„)/ij_iine i?-mod. 

In ij5]we associate to an EKMM S'-algebra R the space BGLiR, and our Thom spectrum construction may 
be viewed as a functor 

^/BGLiR -^R- 

In [J51 we will compare these two approaches to Thom spectra to each other and to Thom spectra in the 
literature. To prepare for this comparison, we show here how to set up our cxD-categorical analysis, starting 
from a (symmetric) monoidal simplicial model category of spectra, such as the S'-modules of |EKMM96] or 
the symmetric spectra of |HSSOO| . 
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We first associate to an algebra i? in a simplicial monoidal oo-category of spectra an oo-category i?-line 
of i?-lines, as above, and we show that i?-line has the homotopy type of BGLiR. It is straightforward then 
to construct a Thorn spectrum functor 

(Gpd^)/7j_iino -> i?-niod, 

as above. 

We also show that there is an algebra R' in Stab(Gpdg^) such that 

i?-niod ~ i?'-mod, 

and so 

(Gpdo^)/fl_iiiic ~ (Gpdo^)/fl/_iino, 
in such a way that the two oo-categorical Thorn spectrum functors 

(Gpd^)/^_iinc ^ i?-mod 

and 

(Gpd^)/ij/_ii„e i?'-mod 

are obviously equivalent. 

Let be a symmetric monoidal simplicial model category of spectra such as the S'-modules of [EKM M96] , 
or the symmetric spectra of |HSSOO| . and let i? be a cofibrant and fibrant associative algebra in M.. We require 
R to be cofibrant and fibrant so that the derived spaces of self-equivalences of R has the homotopy type of 
GLiR; see Proposition l6.2l 

Let i?-modx be the simplicial model category of i?-modules. From i?-mod^ we form the cx)-category 
i?-mod in the usual way, as we now recall. If C is a simplicial model category, let C° denote the full 
subcategory of C consisting of cofibrant-fibrant objects. Now take the simplicial nerve [HTT, 1.1.5.5] to 
obtain the oo-category 

i?-mod =^ Ni?-mod^ . 

For cofibrant-fibrant L and M, the mapping spaces R-modM{L, M) are Kan complexes, and it follows [HTT, 
1.1.5.9] that i?-mod is an cx)-category. 

Once we have i?-mod, we can as in Definition 17.181 define an i?-line to be an i?- module L which admits a 
weak equivalence 

L^R, 

and let i?-line be the maximal oo-subgroupoid of i?-mod whose objects are the cofibrant-fibrant i?-lines. 
Equivalently, we can define R-lmeM to be the subcategory of R-vaodM in which the objects are i?-lines Af, 
and in which the space of morphisms from L to M is the subspace of R-TtvodM{L,M) consisting of weak 
equivalences 

L ^ M. 

We can then set 

R-Vme^ ^ i?-mod^ n i?-lineT, 

and 

i?-hne = Ni?-line5.. 

Explicitly, the set of n-simplices of Ni?-line5- is the set of simplicial functors 

e:[A"] ^ i?-lineT. 

In particular, 

(1) i?-lineo consists of fibrant-cofibrant i?- modules which are i?-lines; 

(2) i?-linei consists of the i?-module weak equivalences 

L M; 



58 



ANDO, BLUMBERG, GEPNER, HOPKINS, AND REZK 



(3) i?-line2 consists of diagrams (not necessarily commutative) 

a 
N, 

together with a path in i?-hnejvi(i, N) from gf to h. 

This is precisely the sort of data we proposed in p.ip as the transitions functions for a bundle of free rank-one 
i?-modules. 

Recall from [HTT, 1.2.2] and H7.'2\ that if Y is any oo-category and a,b ^ Y, then the space of maps 
Y{a,b) — mapy(a, 6) from a to 6 is a homotopy type; it can be modeled as the oo-groupoid homy (a, 6) 
which is the fiber in the diagram of simplicial sets 

homy(a, &) > Y^ 

(a, 6) > Y^^\ 

li Y = NC is the nerve of a simplicial category C, then [HTT, Theorem 1.1.5.12] implies that 

homy (a, 6) ~ home (a, ^'). (7.36) 

Taking Y — _R-mod = N_R-mod^ and recalling that objects of i?-mod are cofibrant-fibrant i?-modules, 
we see that _R-mod(L, M) has the homotopy type of the derived space of i?-module maps from M to N. In 
view of the equivalence (|7.36p . we shall adopt the convention that for arbitrary i?-modules M and N (not 
necessarily cofibrant-fibrant), R-m.od{M,N) will mean the associated derived mapping space. 

We note that R itself may not be a cofibrant-fibrant i?-module, and we fix a cofibrant-fibrant replace- 
ment R°. By construction, i?-line is a connected oo-groupoid, and so equivalent to the full oo-subgroupoid 
B A\xt{R°) with one object R° and morphisms 

R-\me{R° , R°) ~ (by convention) i?-line(i?, i?), 

the oo-groupoid of derived self-equivalences of R° . This is the mapping space we studied in [JSJ and in this 
setting Proposition 16.21 becomes the following. 

Lemma 7.37. Suppose that R is a cofibrant and fibrant algebra in A4. Let L and M be objects of R-line. 
The inclusion of derived mapping spaces 

R-\me{R,R) = i?-line(i?°, i?°) ^ i?-mod(i?°, i?°) = i?-mod(i?, i?) 

is a model for the inclusion 

GLiR rj°°i?. 

With the oo-category i?-line in place, we can develop the theory of Thom spectra as in H7.5\ and 17.61 we 
do a little of this in [JbJ For now, we define a trivialization of an _R-line L to be an equivalence of i?-modules 

L^R°, 

and we define the oo-category R-triv of trivialized i?-lines to be the slice category 

i?-triv = i?-line //jo . 

Proposition 7.38. The forgetful map 

i?-triv i?-line 
is a Kan fibration. Indeed this fibration is a model for 

* ~ EGLiR BGLiR. 
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Proof. i?-triv is the simplicial set of paths ending at R° in the oo-groupoid (Kan complex) i?-hne. In particular 
i?-triv is a contractible Kan complex, and the map 

i?-triv — > i?-line 

is a Kan fibration; by the discussion of (|7.35p and Lemma [7371 the fiber is Aut(i?°) ~ -R-line(-R, i?) ~ 
GLiR. □ 



To see that the resulting theory of Thom spectra agrees with the theory developed in sections 17.51 and 17.61 
amounts to comparing notions of i?-mod. More precisely, we'd like to know that the oo-category of algebras 
in A4 is equivalent to Alg(Stab(Gpd3^)), and that if R is an algebra in Ai corresponding to an algebra R' 
in Stab(Gpdgc), then the cx)-categories of i?-modules and i?'-modules are equivalent. 

The work of [MMSSOU IMM02|. ISchOU IEKMM96| establishes the necessary Quillen equivalences for the 
model categories of spectra of Lewis- May-Steinberger, S'-modules of jEKMM96] . and symmetric and orthog- 
onal spectra [MMSS01[[HSS00| . In |D AGI[ [DXGII] . Lurie relates the oo-category Stab(Gpd^) to symmetric 
spectra. 

Let iSs denote the category of symmetric spectra. Example 8.21 of [DAGIIIj establishes an equivalence 
of symmetric monoidal oo-categories 

Stab(Gpd^) ~N5|;, (7.39) 
which by [DAGIIi Example 1.6.14] induces an equivalence 

e : Alg(Stab(Gpd^)) ~ N A\g{S^)° 

of oo-categories of algebras. 

Let R be an algebra in Alg(Stab(Gpd3^)), so 0{R) is a cofibrant-fibrant algebra in Ss- Then we have 
i?-mod as in m.4l and may construct 

6'(i?)-mod =^ N(6'(i?)-modules in 5s)°, 
as above. According to Theorem 2.5.3 of |DAGII| we have an equivalence of oo-categories 

i?-mod ~ 6l(i?)-mod, (7.40) 

as desired. 

We summarize the discussion as we shall use it in 3HI Let A4 be any simplicial symmetric monoidal model 
category of spectra, connected by a zig-zag of Quillen equivalences to 5e . Suppose that M has a theory of 
algebras and modules similarly equivalent to that of Ss ■ If follows that there are equivalences of oo-categories 

NM° ^ Stab(Gpd^) 
NAlg(A1)° ^ Alg(Stab(Gpd^)). 

Moreover, let R' be a cofibrant and fibrant algebra in A4, and let R a corresponding algebra in Stab(Gpdg^). 
If AT is a space, let nooA" denote its singular complex (an oo-groupoid). Then according to Proposition 17.381 
and (|7.40p . we have equivalences 

UooiBGLiR') ~ i?'-line ~ i?-line, 
and so we may regard a map of spaces f : X ^ BGLiR' equivalently as a map of oo-groupoids 

Hoo/ : UooX ^ U^ iBGLiR') ~ i?-line. 



60 



ANDO, BLUMBERG, GEPNER, HOPKINS, AND REZK 



8. MORITA THEORY AND ThOM SPECTRA 

In this section we interpret the construction of the Thorn spectrum from the perspective of Morita theory. 
This viewpoint is imphcit in the "algebraic" definition of the Thom spectrum in Section [5] as the derived 
smash product 

where R is the Y.'^GLiR-R bimodule specified by the canonical action of T^^GLiR on R. Recalling that the 
target category of i?-modules is stable, we can regard the Thom spectrum as essentially given by a functor 
from (right) Y.^GLiR-modules to i?-modules. 

Now, roughly speaking, Morita theory (more precisely, the Eilenberg- Watts theorem) implies that any 
continuous functor from (right) EJ^GLii?- modules to (right) i?-modules which preserves homotopy colimits 
and takes GLiR to R can be realized as tensoring with an appropriate {Y,°^GLiR)-R bimodule. In particular, 
this tells us that the Thom spectrum functor is characterized amongst such functors by the additional data 
of the action of GLiR on R. 

Put another way, a continuous homotopy-colimit preserving functor 

T: E^Giii^-mod ^ i?-mod 

can be determined to be the Thom spectrum functor by inspection of the induced bimodule structure on 
R ~ T{^^GLiR) obtained from the map 

E^GLiR > Fs^glM^+GLiR, T.^GLiR) Fr{T{Y,^GLiR), T{J:^GLiR)). 

By the adjunction characterizing GLiR, this data is equivalent to specifying a multiplicative map GLiR — > 
GLiR (or equivalently a map BGLiR BGLiR). 

Beyond its conceptual appeal, this viewpoint on the Thom spectrum functor provides the basic framework 
for comparing the different constructions which we have discussed in this paper (both with one another, and 
with the "neo-classical" construction of Lewis and May and the parametrized construction of May and 
Sigurdsson). On the face of it, the definition of the Thom spectrum in Section [7] as the functor which sends 
f -.X ^ RAine to 

where ^ is the universal parametrized spectrum over i?-line, has a rather different ("geometric") character. 
In fact, however, these definitions are essentially the same, under the equivalence between parametrized 
spectra and modules. 

After discussing the analogue of the classical Eilenberg- Watts theorem in the context of ring spectra 
in Subsection 18.11 we work out a version of this classification in the setting of parametrized spectra in 
Subsection 18.21 using the techniques made available by the cx)-categorical perspective. Here it turns out 
to be possible to use the connections between modules, parametrized spectra, and presheaves to obtain a 
classification of colimit-preserving functors between cx)-categories that specializes to imply that a colimit- 
preserving functor from the infinity category of spaces over BGLiR to i?-modules is determined by a map 
BGL\R — > BGL\R. 

This oo-catcgory machinery then provides the foundation of the comparison of the different definitions of 
Thom spectra in the paper. As a consistency check, we verify that the classification obtained in Subsection l8.2l 
agrees with that of the previous subsection; the data of a map BGLxR BGLiR determines the same 
functor in each framework. We then employ this axiomatic perspective to show that the "algebraic" Thom 
spectrum functor induces a functor on oo-categories which agrees with the "geometric" definition. We 
also give a direct argument for the comparison between the two definitions of the Thom spectrum functor; 
although this argument appears to skirt the underlying Morita theory, we believe it provides a useful concrete 
depiction of the situation. 
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Finally, the close relationship between our oo-categorical construction of the Thorn spectrum and the 
definition of May and Sigurdsson [MS061 23.7.1,23.7.4] allows us to compare that construction (and by 
extension the "neo-classical" Lewis-May construction) to the ones discussed herein. 

8.1. The Eilenberg- Watts theorem for categories of module spectra. The key underpinning of 
classical Morita theory is the Eilenberg- Watts theorem, which for rings A and B establishes an equivalence 
between the category of colimit-preserving functors A-mod — > i?-mod and the category of {A, _B)-bimodules. 
The proof of the theorem proceeds by observing that any functor T : A-mod — s- _B-mod specifies a bimodule 
structure on TA with the ^-action given by the composite 

A^ FAiA,A) ^ FBiTA,TA). 

It is then straightforward to check that the functor — (g)^ TA is isomorphic to the functor T, using the fact 
that both of these functors preserve colimits. 

In this section, we discuss the generalization of this result to the setting of categories of module spectra. 
The situation here is more complicated than in the setting of rings; for instance, it is well-known that there 
are equivalences between categories of module spectra which are not given by tensoring with bimodules, 
and there are similar difficulties with the most general possible formulation of the Eilenberg- Watts theorem. 
However, much of the subtlety here comes from the fact that unlike in the classical situation, compatibility 
with the enrichment in spectra is not automatic (see for example the excellent recent paper of Johnson jJo08] 
for a comprehensive discussion of the situation). By assuming our functors are enriched, we can recover a 
close analogue of the classical result. 

Let A and B be (cofibrant) S-algebras, and let T be an enriched functor T: A-mod B-mod. Specifically, 
we assume that T induces a map of function spectra FaIX, Y) Fb{TX, TY). Furthermore, assume that T 
preserves tensors (and in particular is homotopy-preserving) and preserves homotopy colimits. For instance, 
these conditions are satisfied if T is a Quillen left-adjoint. The assumption that T is homotopy-preserving 
in particular means that T preserves weak equivalences between cofibrant objects and so admits a total 
left-derived functor : ho A-mod hoB-mod. Furthermore, T{A) is an A~B bimodule with the bimodule 
structure induced just as above. 

Using the work of |Jo08| and an elaboration of the arguments of |SS04[ 4.1.2] (see also 'Sch04' 4.20]) we 
now can prove the following Eilenberg- Watts theorem in this setting. We will work in the EKMM categories 
of modules, so we can assume that all objects are fibrant. 

Proposition 8.1. Given the hypotheses of the preceding discussion, there is a natural isomorphism in 
hoi?-mod between the total left-derived functor {—) and the derived smash product (— ) A^T'(A), regarding 
T(A) as a bimodule as above. 

Proof. By continuity, there is a natural map of i3-modules 

HAaT{A)^T{-). 

Let T' denote a cofibrant replacement of T{A) as an A-B bimodule. Since the functor (— ) Aa T' preserves 
weak equivalences between cofibrant A-modules, there is a total left-derived functor (— ) T' which models 
(-) A;^T(A). Thus, the composite 

(-)A^ T' ^{-)hAT{A)^T{-). 
descends to the homotopy category to produce a natural map 

(-)AiT(A)^T^(-). 

The map is clearly an equivalence for the free A-module of rank one; i.e. A. Since both sides commute 
with homotopy colimits, we can inductively deduce that the first map is an equivalence for all cofibrant 
A-modules, and this implies that the map of derived functors is an isomorphism. □ 
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We now specialize to the case of Thom spectra. Recall that for an S'-algebra R, GLiR is an A^o space 
and hence a monoid in the category of *-niodules. As such, there is a well-defined notion of a GLii?-module 
(Definition 15. 22p and moreover we defined the bar constructions BcGLiR and EcGLiR such that the map 
EcGLiR BcGLiR models the universal quasifibration (Section 15. 4p . 

Given a fibration of ^-modules f : X ^ BcGLiR, we first took the puUback of the diagram, 

X s- BcGLiR i EcGLiR 

to obtain a GLii?-module P. This procedure defines a functor from ^-modules over BcGLiR to GLiR- 
modules; since we are assuming / is a fibration, we are computing the derived functor. Next, since the 
category i?-mod is stable, a continuous functor from GLi_R- modules to _R-mod factors through the stabiliza- 
tion Tj^ GLiR-mod. That is, up to equivalence a continuous functor from GI/ii?-modules to i?-modules is 
determined by a continuous functor from SJ^GLii?-modules to i?-modules, which is to say a (SJ^GLii?, R)- 
bimodulc. 

One might like to deduce a characterization of the Thom spectrum functor as a functor from / BGLiR 
to i?-modules from Proposition 18. II However, it turns out to be technically involved to state such a theorem 
precisely, because the derived Thom spectrum functor as we have constructed it "algebraically" is presented 
as a composition of a right derived functor (which is an equivalence) and a left derived functor. We remark 
that much of the technical difficulty in the neo-classical theory of the Thom spectrum functor arises from 
the difficulties involved in dealing with point-set models of such composites. 

Fortunately, this is the kind of formal situation that the oo-category framework handles well. The functor 
/ P induces an equivalence of homotopy categories; by Theorem I5.32( it is an equivalence of enriched 
categories. In particular, it induces an equivalence of oo-categories 

in the oo-category setting, this is an instance of Proposition [TUl In light of the above discussion, the abstract 
characterization of the Thom spectrum functor is immediate. 

Proposition 8.2. Let T : GLiR-thoA —>■ i?-mod be a continuous, colimit-preserving functor which sends 
GLiR to an R-module R' homotopy equivalent to R in such a way that 

GLiR ~ hEndGLifl-mod(Giii?) — > hEndi^.,nod(-R') ^ hEnd7?.mod(-R) 

is homotopy equivalent to the inclusion GLiR ~ hAut(i?) — » hEnd(_R). Then , the left- derived functor of 
T, is homotopy equivalent to I]!5J°(— ) A^oo^^^^ R : Giii?-mod — > i?-mod. 

Proof. The stability of i?-mod and Proposition 18.11 together imply that is homotopy equivalent to 
S+ (-) /\^^GLiR B for some (E^Giii?, i?)-bimodule B. Since T{Y,^GLiR) ~ i?, wc must have B ~ R; 
since the left action of GLiR on itself induces (via the equivalence R' ~ R) the canonical action of GLiR 
on R, we conclude that B R &s {Y,^GLiR, i?)-bimodulcs. □ 

8.2. Colimit-preserving functors from the oo-categorical perspective. We now switch to the context 
of oo-categories. In this section we develop a general description of functors between oo-categories which 
preserve colimits. Specializing to module categories, we will recover the version of the Eilenberg- Watts 
theorem which forms the basis of the comparison of the various Thom spectrum functors discussed in 
this paper. The setting of oo-categories turns out to be technically felicitous for performing the general 
comparisons we need; our descriptions will arise from elementary considerations of cocomplete oo-categories, 
the relationship between modules, parametrized objects, and presheaves, and stabilization. 

We begin by considering cocomplete oo-categories. Let be a small oo-category, and consider the oo-topos 

Pre(^) :=Fun(<^°P,Gpd^) 

of presheaves of oo-groupoids on It comes equipped with a fully faithful functor 

^ — >Pre(<r), (8.3) 
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the Yoneda embedding, which (as we discussed in Remark 17. lip is only reaUy defined up to a contractible 
space of choices. 

The fact that Pre(^) is equivalent to the nerve of the simplicial model category of simplicial presheaves 
on (equipped, say, with the projective model structure) implies that Pre('^) is cocomplete as an oo- 

category. Furthermore, just like in ordinary category theory, the Yoneda embedding Pre(^) is in some 
sense initial among cocomplete cxD-categories under . 

Lemma 8.4 ([HTT, 5.1.5.6]). For any cocomplete oo-category '2 , precomposition with the Yoneda embedding 
induces an equivalence of oo- categories 

Fun™'™(PreC^), ^) FunC^, ^), (8.5) 

where Fun'^°'™(— , — ) denotes the full oo-subcategory o/Fun(— , — ) on the colimit-preserving functors. 

We shall be particularly interested in the case that is an oo-groupoid, so that 

Fun(^°P,Gpd^)~Gpd^/^, 
as in Remark 17.91 Suppose given a functor g : — > i^. To an cxD-groupoid over 

f:X^^, 

we can associate the colimit 

colim go f : X ^'/f ~* 

Insofar as we have a functorial model for this colimit (by making use, say, of functorial homotopy colimits 
in simplicial categories), then this procedure determines a colimit-preserving functor 

Gpd^/^ ~ FunC^"^, Gpd^) ~ Pre(<r) ^ ^, 

with the property that its restriction along the Yoneda embedding 

<^-.FunCr°f,Gpd^) 

is equivalent to g. This is just a restatement of Proposition 17.121 

Corollary 8.6. Any inverse Fun{'^,&) Fun™'™ (Pre C^),^) of the equivalence ([S^]) . given by restriction 
along the Yoneda embedding Gpd^^y^, sends g to a colimit-preserving functor whose value on f : X ^ 'if 
is equivalent to colim g of. □ 

Lastly, we specialize to the context of stable categories. 
Lemma 8.7 ( }DAGI| . Corollary 17.5). Let and '3 be presentable oo-categories such that Si is stable. Then 

n'^ : StabC^) — > ^ 

admits a left adjoint 

— >Stab(^), 

and precomposition with the induces an equivalence of oo-categories 

Fun'=°"'"(Stab('^), Fun'=°'""('if , 3). 

Combining the universal properties of stabilization and the Yoneda embedding, we obtain the following 
equivalence of oo-categories. 

Corollary 8.8. Let ^ and '2 be oo-categories such that Ql is stable and cocomplete. Then there are equiva- 
lences of oo-categories 

Fun™'™(Stab(PreCr)), 3) ~ Fun™"'"(Pre(^), 3) ~ FunC^^, S)). 
Proof. This follows from the last two lemmas. □ 
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Now suppose that and ^ have distinguished objects, given by maps * ^ and * ^ ^ from the trivial 
oo-category *. Then Pre('^) and Stab(Pre('^)) inherit distinguished objects via the maps 

* — ^ ^ Stab(Pre('^)), 

where i denotes the Yoneda embedding. Note that the fiber sequence 

Fun.^/i'S', 9) — > FunC^^", ^) — > Fmi(*, ^) ~ ^ 

shows that the oo-category of pointed functors is equivalent to the fiber of the evaluation map Fun('^, i^) — ^ 
over the distinguished object of '2 . 

Proposition 8.9. Let ^ and Si be oo-categories with distinguished objects such that & is stable and cocom- 
plete. Then there are equivalences of oo-categories 

Fun^f '°(Stab(PreCr)), S) 2± Fun^f '"(Pre(^), 2) ~ Fun./C^, S). 

Proof. Take the fiber of Fun'=°""(Stab(Pre('^)), 2) ~ Fun'=°'""(Pre('r), 2) ~ FunC^, 2) over * ^ 2. □ 

Corollary 8.10. Let G be a group-like monoidal oo-groupoid G, let BG be a one-object oo-groupoid with 
G ~ AutBG(*)j o,i^d, let & be a stable and cocomplete oo-category with a distinguished object *. Then 

Fun^f '°(Stab(Pre(SG)), 2) ~ Fun^f '"(Pre(SG), 2) ~ Fun,/(BG, 2) ~ Fun(BG, B Auts^(*)); 

that is, specifying an action of G on the distinguished object * of S! is equivalent to specifying a pointed 
colimit-preserving functor from Pre(_BG) (or its stabilization) to f^. 

Proof. A base-point preserving functor BG Si necessarily factors through i3Enda*(*), and hence also 
through S Autgj(*) since BG is an cx)-groupoid. □ 

Note that the oo-category Fun(i3G, B Aut5j(*)) is actually an oo-groupoid, as B Autci}(*) is an oo-groupoid. 

Putting this all together, consider the case in which the target oo-category S is the oo-category of right R- 
modules for an associative ^-algebra i?, pointed by the free rank one i?-module R. Then Aut5*(*) ~ GLiR, 
so the space of pointed colimit-preserving maps from the oo-category of spaces over BG to the oo-category 
of i?-modules is equivalent to the space of monoidal maps from G to GLiR. 

8.3. oo-categorical Thorn spectra, revisited. In this section, we return to the definition of Thom spectra 
from |j7]and interpret that construction in light of the work of the previous subsections. Let R be an algebra 
in Stab(GpdQ^), and form the oo-categories i?-mod and i?-line. Given a map of oo-groupoids 

f : X R-\me, 

the Thom spectrum is the push-forward of the restriction to X of the tautological i?-linc bundle Jff; that is, 

Mf=p,f*J^. 

Let q denote the projection to the point from i?-linc, so that p = q o f and we may therefore rewrite M f as 

Mf ^ qJJ*^ - q>i^R-linef+ Afl-linc 

where the second equivalence follows from formula (|7.17p . This exhibits M as a composite of left adjoints: 
^fl-iinc(^)+ followed by (— ) Aji.unc ^ followed by q\. In particular, (the oo-categorical) M itself is a left 
adjoint, so it preserves (oo-categorical) colimits. 

Proposition 8.11. The restriction of M : G:\>A^iYf_\\-^^ — > i?-mod along the Yoneda embedding 

i?-linc — > Fim(i?-line°'', Gpd;^) ~ Gpd^/ji_n^-^^ 
is equivalent to the tautological inclusion 

R-line — > R-mod. (8.12) 
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Proof. Consider the colimit-preserving functor GpdoQ/j^_jijj(, i?-niod induced by the canonical inclusion 
i?-line i?-niod. As we explain in Corollary 18.61 it sends X — > i?-line to the colimit of the composite 
X i?-line — > i?-mod. As we explain in Remark 17.281 this is equivalent to the Thom spectrum functor 
M. □ 



The following corollary is now an immediate consequence of the analysis of the previous subsection. 

Corollary 8.13. A functor Gpdg^/j^.jjjjg — > i?-mod is equivalent to M if and only if it preserves colimits 
and its restriction along the Yoneda embedding i?-line Fun(i?-line°'', Cpd^^) ~ Cpdj^y^.u^^ is equivalent 
to the tautological inclusion (|8.12p o/i? -line into i?-mod. 

8.4. Comparing notions of Thom spectrum. In this section, we show that, on underlying oo-categories, 
the "algebraic" Thom i?-module functor is equivalent to the "geometric" Thom spectrum functor via the 
characterization of Corollarv l8.131 The proof of this result also implies that the two versions of the Eilenberg- 
Watts theorem we have discussed in this section agree up to natural weak equivalence. 

Let be the category of EKMM S'-modules. According to the discussion in §7.71 there is an equivalence 
of oo-categories 

N^s ~ Stab(Gpd^) (8.14) 
which induces an equivalence of oo-categories of algebras 

NAlg(^5)° - Alg(Stab(Gpd^)). (8.15) 

Let i? be a cofibrant-fibrant EKMM S'-algebra, and let R' be the corresponding algebra in Alg(Stab(GpdQj3)). 
The equivalence (|8.14p induces an equivalence of oo-groupoids 

Ni?-niod° ~ i?'-mod. (8.16) 

Proposition l7.38l gives an equivalence of oo-groupoids 

IlooBGLiR ~ N((i?-line)°) (8.17) 

and so putting (|8.16p and (|8.17p together we have an equivalence of oo-categories 

m^/BGL,Rr) ^ Gpd^/^,.ii„, . 

Corollary 8.18. The functor 

Gpd^/^,_^„d - H^/BGLiR)° ^ N(i?-mod)° ~ i?'-mod, 

obtained by passing the Thom R-module functor of ij5| though the indicated equivalences, is equivalent to the 
Thom R' -module functor of ^ 

Proof. Let denote the topological category with a single object * and map^(*, *) = GLiR = Aut_R(i?°) ~ 
Auti{/ {R'). Note that "ia is naturally a topological subcategory of GLiR-vaoA (the full topological subcategory 
of GLiR) and by definition a topological subcategory of i?-mod. Note also that 

Wif ~BAut{R') ~ i?'-line. 

According to Proposition 18. 21 the continuous functor 

: GLiR-mod — > i?-niod 

has the property that its restriction to ^ is equivalent to the inclusion of the topological subcategory 
— > i?-mod. Taking simplicial nerves, and recalling that 

NGLiR-mod° ~ N{.^/BGLiR)° ~ Fun(N^°P, Gpd^)Giii?-mod, 

we see that 

NT^ : Fun(N^°J',Gpd^) ~ NGLii?-mod° — > Ni?-mod° ~ i?'-mod 
is a colimit-preserving functor whose restriction along the Yoneda embedding N*^^ Fun(N'^^''P, Cpd^^) ~ 
Gpd 

oo/fl'-iinc equivalent to the inclusion of the oo-subcategory N*^ ~ i?'-linc R'-mod. It therefore 
follows from Proposition 18. 131 that NT^ is equivalent to the "geometric" Thom spectrum functor of |j7l □ 
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Remark 8.19. The argument also implies the following apparently more general result. Recall from 
that any map k : BGLiR BGLiR defines a functor from the c»-category of spaces over BGLiR to the 
oo-category of i?-modules, defined by sending f : X ^ BGLiR to the colimit of the composite 

X ^ BGLiR ^ BGLiR ^ R-mod. (8.20) 

On the other hand, according to Proposition 18.241 below, we can describe the derived smash product from 
section 18.11 associated to k as the colimit of the composite 

X ^ BGLiR BGLiR E^Giii?-mod ± > R-mod. 

Since both functors are given by the formula M(fc o /), the Thom i?-module of / composed with k, we 
conclude that these two procedures are equivalent for any k, not just the identity. 

8.5. The algebraic Thom spectrum functor as a colimit. We sketch another approach to the com- 
parison of the "geometric" and "algebraic" Thom spectrum functors. This approach has the advantage of 
giving a direct comparison of the two functors. It has the disadvantage that it does not characterize the 
Thom spectrum functor among functors 

.Sr/BGLiR ^ i?-mod, 

and it docs not exhibit the conceptual role played by Morita theory. Instead, it identifies both functors as 
colimits. In this sense it is a direct generalization of the argument we gave in (|1.7p . for the case of a discrete 
ring R and a discrete space X. 

Suppose that i? is a monoid in S'-modules. Let _R-mod be the associated cxD-category of i?-modules, let 
_R-line be the the sub-cxD-groupoid of _R-lines, and let j : i?-line — > i?-niod denote the inclusion. 

Let X be a space. The "geometric" Thom spectrum functor sends a map / ; IIoo^ i?-line to 

colim(nooX '^°°^> i?-line i i?-mod). 

As in §5.51 let G = [GLiRy. In §7.71 we showed that liooBcG ~ i?-line. But observe that we also have a 
natural equivalence 

XlooBcGc^ G-line. 

That is, let G-mod — be the oo-category of G-modules, and let G-line be the maximal oo-groupoid 

generated by the G-lines, that is, cofibrant and fibrant G-modules which admit a weak equivalence to G. By 
construction, G-line is connected, and so equivalent to S Aut(G) ~ BcG. 

The construction of the "algebraic Thom spectrum" begins by associating to a fibration of ^-modules 
f : X ^ BcG the G-module P which is the pull-back in 

P >EcG (8.21) 



X >BcG. 

The association f ^ P defines a functor 

which induces an equivalence of homotopy categories; by Theorem 15.321 it is an equivalence of enriched 
homotopy categories. As discussed in Proposition [7?8l this corresponds to an equivalence of oo-categories 

Gpdoo/G_iinc - G-mod. (8.22) 

The key observation is the following. Let k : G-line G-mod denote the tautological inclusion. To a map 
of oo-groupoids 

f : X ^ G-line, 

we can associate the G-module 

Pf = colim(X ^ G-hnc G-mod). 
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Lemma 8.23. The functor f Pf gives the equivalence (|8.22p . 

In other words, ii f : X ^ B^G is a fibration of ^-modules, then we can form P as in (|8.2ip . Alternatively, 
we can form 

Hoo/ : n^X ^ UocBcG - G-mod, 
and then form Piiaaf — colim(fcnoo/), and then we have an equivalence of G- modules 

The proof of the Lemma follows the same lines as Corollarv l7.131 which treats the case that G is a group-like 
monoid in oo-groupoids. 

Proposition 8.24. Let f : X ^ BcG he a fibration of ^-modules. The "algebraic" Thorn spectrum functor 
sends f to 

colim(nooJ^ -5^^ n^BcG ~ G-line ^ G-mod ^ S^G-mod ^!!±^ i?-mod). 

Proof. By the Lemma, we have 

P ~ colim(nooX n^oBcG ~ G-line G-mod), (8.25) 

and so 

Mf = E^P As-G R^^^ colim(moo/) As~g R 
~ colim(E^moo/) As-G R 
~colim(E^moo/AE;^Gi?). 
This last is the colimit in the statement of the Lemma. □ 

From this point of view, the coincidence of the two Thom spectrum functors amounts to the fact that 
diagram 

BcG > G-line > G-mod 



i?-line : > i?-mod 



evidently commutes. 



8.6. The "neo-classical" Thom spectrum functor. In this final section we compare the Lewis-May 
operadic Thom spectrum functor to the Thom spectrum functors discussed in this paper. Since the May- 
Sigurdsson construction of the Thom spectrum in terms of a parametrized universal spectrum over BGLiS 
[MS06j [23.7.4] is easily seen to be equivalent to the space-level Lewis-May description, this will imply that all 
of the known descriptions of the Thom spectrum functor agree up to homotopy. Our comparison proceeds 
by relating the Lewis-May model to the quotient description of Proposition 17. 291 

We begin by briefly reviewing the Lewis-May construction of the Thom spectrum functor; the interested 
reader is referred to Lewis' thesis, published as Chapter IX of [LMSM86] . and the excellent discussion in 
Chapter 22 of |MS06| for more details and proofs of the foundational results below. Nonetheless, we have 
tried to make our discussion relatively self-contained. 

The starting point for the Lewis-May construction is an explicit construction of GLiS in terms of a 
diagrammatic model of infinite loop spaces. Let J^c be the symmetric monoidal category of finite or countably 
infinite dimensional real inner product spaces and linear isometrics. Define an J^^-space to be a continuous 
functor from J^c to spaces. The usual left Kan extension construction gives the diagram category of ./c-spaces 
a symmetric monoidal structure. It turns out that monoids and commutative monoids for this category model 
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and spaces; for technical felicity, we focus attention on the commutative monoids which satisfy two 
additional properties: 

(1) The map T{V) T{W) associated to a linear isometry V ^ W is a. homeomorphism onto a closed 
subspace. 

(2) Each T{W) is the colimit of the T{V), where V runs over the finite dimensional subspaces of W and 
the maps in the colimit system are restricted to the inclusions. 

Denote such a functor as an ^^-FCP (functor with cartesian product) [MS06[ 23.6.1]; the requirement that 
T be a diagrammatic commutative monoid implies the existence of a "Whitney sum" natural transformation 
T{U) X T{V) T{U ®V). This terminology is of course deliberately evocative of the notion of FSP (functor 
with smash product), which is essentially an orthogonal ring spectrum |MMSSOT| . 

An ^c-FCP gives rise to an Eoo space structured by the linear isometries operad; specifically, T(Koo) = 
coMmv Tiy) is an £-space with the operad maps induced by the Whitney sum |MQRT77l 1.9], |MS06| 
23.6.3]. In fact, as alluded to above one can set up a Quillen equivalence between the category of =#c-FCP's 
and the category of Eoa spaces, although we do not discuss this matter herein (see |L09j for a nice treatment 
of this comparison). 

Moving on, we now focus attention on the J^c-FCP specified by taking V C IR°° to the space of based 
homotopy self-equivalences of \ this is classically denoted by FiV). Passing to the colimit over in- 
clusions, F(M°°) = coYrniv F{V) becomes a L-space which models GLiS — this is essentially one of 
the original descriptions from |MQRT77] . Furthermore, since each F{V) is a monoid, applying the two- 
side bar construction levelwise yields an FCP specified by V ^ BF{V); here BF{V) denotes the bar 
construction i?(*, _F(1^), *), and the Whitney sum transformation is defined using the homeomorphism 
B{*, F{V), *) X B{*, F{W), *) ^ B{*, F{V) x F{W), *). The colimit BF{R°°) provides a model for BGLiS. 

Now, since F{V) acts on S*^, we can also form the two-sided bar construction B{*, F{V),S^), abbreviated 
EF{V), and there is a universal quasifibration 

Try : EF{V) = B(*, F{V),S^) — > B{*, F{V), *) = BF{V) 

which classifies spherical fibrations with fiber . Given a map X BF{M.°°), by pulling back subspaces 
BF{V) C BF{M.°°) we get an induced filtration on X; denote the space corresponding to pulling back along 
the inclusion of F G M°° by XiV) |LMSM86[ IX.3.1]. 

Denote by Z{V) the puUback 

X{V) > BF{V) < EF{V). 

The Vth space of the Thom prespectrum is then obtained by taking the Thom space of Z{V) X{V), 
that is by collapsing out the section induced from the base point inclusion * — > S^; denote the resulting 
prespectrum by TF |LMSM86l IX. 3. 2] (note that some work is involved in checking that these spaces in fact 
assemble into a prespectrum). 

Next, we will verify that the prespectrum TF associated to the identity map on BF{R°°) is stably 
equivalent to the homotopy quotient S/GLiS ~ S/F{M.°°). For a point-set description of this homotopy 
quotient, notice that it follows from Proposition 15 . 241 that the category of EKMM (commutative) 5'-algebras 
is tensored over (commutative) monoids in ^-modules: the tensor of a monoid in ^-modules M and an 
S'-algebra A is Yi^M A A, with multiplication 

(E^M A A) A (S^M AA) = (S^Af A S^Af) A{AaA)^ (E^(Af E M)) A (A A A) -> (E^Af) A A. 

Thus, we can model the homotopy quotient as a bar construction in the category of (commutative) S*- 
algebras. However, we can also describe the homotopy quotient as colimy S/F{V), where here we use the 
structure of F{V) as a monoid acting on . It is this "space-level" description we will employ in the 
comparison below. 
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We find it most convenient to reinterpret the Lewis-May construction in this situation, as follows: The 
Thorn space in this case is by definition the cofiber {EF{V), BF{V)) of the inclusion BF{V) EF{V) 
induced from the base point inclusion * — > . Now, 

BF{V) ~ */F{V) 

and similarly 

EF{V) ~ S^/F{V). 

Hence the Thom space is likewise the cofiber {S'^,*)/F{V) of the inclusion * — > , viewed as a pointed 
space. 

More generally, we can regard the prespectrum {MF{V)} as equivalently described as 

MF{V) "^^^ S^/F{V), 

the homotopy quotient of the pointed space by F{V) via the canonical action, with structure maps 
induced from the quotient maps /F{V) together with the pairings 

MF{V) A MF{W) ^ S^/F{V) A S^/F{W) S^®^/F{V) x F{W) S^®^/F{V ® W), 

where F{V) x F{W) F{V ® W) is the Whitney sum map of F. It is straightforward to check that the 
structure maps in terms of the bar construction described in jLMSM86l IX. 3. 2] realize these structure maps. 

The associated spectrum MF can then be identified as colimv S / F {V) ~ S/F{R°°). A key point is 
that the Thom spectrum functor can be described as the colimit over shifts of the Thorn spaces |LMSM86l 
IX.3.7,IX.4.4]: 

MF = colimS"^I]°°MF(\/). 

Furthermore, using the bar construction we can see that the spectrum quotient {'S^S)/F{V) is equivalent 
to 'S°°S^ /F{V). Putting these facts together, we have the following chain of equivalences: 

MF = colimI]-^E°°MF(V^) colimS-^I]°°5^/i^(F) 

~ co^mT.-^{j:^ S)/F{V) ~ colim(E-^E^S')/i^(F) ~ S/F{R°°). 

More generally, a slight elaboration of this argument implies the following proposition. 

Proposition 8.26. The Lewis-May Thom spectrum MG associated to a group-like A QQ map Lp : G > GL \ S 

modeled by the map of ^c-FCPs G F is equivalent to the spectrum S/G, the homotopy quotient of the 
sphere by the action of Lp. 

Note that any A^o map X F(R°°) can be rectified to a map of ^c-FCPs X' F [L09] . 

Corollary 8.27. Given a map of spaces f : X ^ BGLiS , write WooM f for the stable oo-groupoid associated 
to the Lewis- May Thom spectrum M f . Then IlooM f ~ Mllocf, where 

Hoo/ : ^ooX UocBGLiS ~ S'-line 

is the associated map of oo-groupoids. 



Proof. A basic property of this (and any) Thom spectrum functor is that it preserves colimits |LMSM86l 
IX. 4. 3]. Thus, we can assume that X is connected. In this case, X ~ BG for some group- like Aoo space G, 
and / : BG BGLiS is the delooping of an Aoo map G GLiS, so Mf ~ S/G by Proposition 18 . 26i so 
IlooMf 2± MUocf by Proposition [7l2S □ 
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Appendix A. Spaces over BG and G-spaces 

A.l. The simplicial case. In this subsection we give a quick proof of the QuiUcn equivalence between 
simphcial sets over BG and G-simphcial sets (with respect to the projective model structure) for a simplicial 
monoid G, where BG denotes the diagonal of the bisimplicial set obtained by regarding G as a simplicial 
category with one object. This result is folklore, and in the case of simplicial groups is an old result of Dwyer 
and Kan |DK85j . Nonetheless, since no proof of the specific result we need appears in the literature, we 
include one here. Note that, throughout this subsection, all model categories are simplicial model categories, 
and all morphisnis of model categories are simplicial Quillen adjunctions; furthermore, we will sometimes 
refer to simplicial sets as spaces. 

Write SetA/BG and Set^ for the simplicial model categories of spaces over BG, equipped with the over- 
category model structure, and G-spaces, equipped with the projective model structure, respectively. Inter- 
polating between these is the simplicial model category ^et%/EG G-spaces over the G-space EG. The 
projection p : EG ^ * to the terminal object induces an adjunction of simplicial model categories 

p^ : Setg/sG ^ Set£ : p* 

(we always write the left adjoint on the left) which is in fact a Quillen equivalence, as p is a weak equivalence 
of G-spaces. Note that that puUback functor p* is also the left adjoint of a Quillen equivalence 

p* : Set A ^ SetA/_EG : -P*> 
where the right adjoint sends P EG to the G-space of sections map/EQ{EG, P). 

Now, if we regard BG as a trivial G-space and q : EG BG as a G-map, then we obtain a similar 
base-change Quillen adjunction 

q\ : SetA/BG ^ ^^^a/bg ■ 1* 
which clearly is not in general a Quillen equivalence; nevertheless, we claim that restriction along the unique 
simplicial monoid morphism r : G ^ * induces yet another Quillen adjunction 

ri : SetA/BG SetA/sG : r* 
such that the composite Quillen adjunction 

riQ] : SetA/_BG ^ Setf/BG ^ SetA/sG : q*r* 

is a Quillen equivalence. To see this, it's enough to show that the derived unit and counit transformations 
are equivalences. But actually, more is true: r\q\ and q*r* are inverse isomorphisms. Indeed, 

ng!(P ^ EG) = {P/G -> EG/G = BG) 

and 

q*r*{X -> BG) ^ {X Xbg EG ^ BG x bg EG = BG), 
so the fact that colimits are compatible with base-change implies that 

q*r*nq^{P EG) = {P/G Xbg EG ^ BG x bg EG) = {P ^ EG) 

and 

miq*r*{X BG) = {X xbg EG/G BG xbg EG/G) ^ {X ^ BG). 
Combining this with the Quillen pair (p*,p») above we obtain the following result. 

Proposition A.l. Let G he a simplicial monoid. Then the composite adjunction 

r\q\p* : SetA ^ SetA/^G ^ SetA/sc ^ SetA/sG : P*q*r* 

is a Quillen equivalence. 
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A. 2. Principal bundles and lifting for group-like topological monoids. In this section we give a proof 
of the analogue of Theoreni l5.32l in the context of topological monoids. Our proof depends on a comparison 
between the homotopy theory of free G-spaces and spaces over BG\ it is an immediate consequence of the 
recent work of Shulman [Shu08| , who uses the technical foundations laid in the very careful development of 
May-Sigurdsson |MS06| . 

We can assume without loss of generality that G is a group- like topological monoid with the homotopy type 
of a GM^-complex and a nondegenerate base point (i.e. the inclusion map * — > G is a Hurewicz cofibration); we 
refer to such a G as satisfying the standard hypotheses. Associated to G is the free right G-space EG defined 
as the two-sided bar construction B{*,G,G). There is a projection map tt : B{*, G, G) — > B{*, G, *) = BG 
which is a quasifibration (and a fibration if G is in fact a topological group) |May75| 7.6]. 

Mimicking the notation of the previous subsection, let GU denote the category of G-spaces, let U/BG 
denote the category of spaces over BG, and let GU/EG denote the category of G-spaces over EG. Again 
we have an adjoint pair {p\,p*) of functors 

p\: GU/EG ^GU:p\ 

where p* is the puUback and p\ is simply given by composition. There is also an adjoint pair (p*,p*), where 
takes X — > EG to the G-space of sections xna^ii^ / ^q{EG , X) . 

Regarding BG as a trivial G-space, the projection tt : EG BG is a G-map and so there is a similar pair 
of adjoint functors ((/!,(?») 

qr. GU/EG ^ GU/BG: q,. 

Finally, associated to the map of monoids r: G ^ * there is an adjoint pair (ri, r*) of "change of monoids" 
functors 

rr. GU/BG ^U/BG: r\ 
where r* is the puUback (which assigns the trivial action) and r\ takes X to X *■ 
Putting this together, we obtain a composite adjunction 

nq. : GU/EG ^ GU/BG ^ U/BG: q*r*, 
and combining this with the adjunction {p*,p*) above we obtain the composite adjunction 

r,q,p* : GU ^ GU/EG ^ GU/BG ^ U/BG: p^q*r*. 

The homotopy theory of free G-spaces can be encoded in the model structure on GU in which the weak 
equivalences and fibrations are detected via the forgetful functor to U. For U/BG, we use the m-model 
structure considered in [MS06j based on work of Cole on mixed model structures |Cole06j . Here the weak 
equivalences are the maps which induce a weak equivalence after forgetting to U and the fibrations are the 
Hurewicz fibration. Cofibrant objects have the homotopy type of Giy-complexes. 

In this setting, and under the standard hypotheses on G, Shulman proves that {r\q\p* ,Pf:q*r*) is a Quillen 
equivalence |Shu08[ 8.5]. An immediate consequence of this is the desired comparison of mapping spaces. 

Corollary A. 2. There are equivalences of derived mapping spaces 

^^Pu/Bci^^Y) - mapc.;^(p,(7*r*X,p,(7*r*r) 

and 

mapGjY(P, Q) ~ ma.pjj /s(.{r]q]p*P, r\q\p*Q) 
which are natural in spaces X and Y over BG and G-spaces P and Q. 

Corollary A. 3. There are equivalences of derived mapping spaces 

map^/Bai^^EG) ~ ma,pc;^{X xbg EG, EG xbg EG) ~ mapQu{X xbg EG,G), 
natural in spaces X over BG. 
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Proof. We simply need to know that X x^q EG and G are weakly equivalent to Pifq*r* X and p^,q*r* EG, 
respectively. But 

X Xbg eg c^map/EG{EG,X Xbg EG)=p,q*r*X, 
and the equivalence for G follows from the equivalence G ~ EG x G = EG x bg EG. □ 

Appendix B. cxd-categories and symmetric monoidal model categories of spectra 

In order to give a self-contained treatment of Thom spectra and orientations in the setting of oo-categories, 
in fJ7] we used the symmetric monoidal cxo-category of spectra developed in [DAGIi IDAGIIi IDAGIIIj . In 
this section, we show that one can give an account of the obstruction theory for orientations using only 
the techniques developed in [HTTj and general facts about associative ring spectra and their categories of 
modules. We hope that our treatment of Thom spectra and orientations from this point of view will serve as 
a useful invitation to cxD-categories, for those familiar with symmetric monoidal model categories of spectra. 
With this in mind, we have made this section somewhat more self-contained than strictly necessary, at the 
price of some redundancy with fJT] 

B.l. Symmetric monoidal categories of i?-modules. Let be a symmetric monoidal simplicial model 
category of spectra such as the S*- modules of jEK MMElF , or the symmetric spectra of [HSSOO] , and let R be 
a cofibrant and fibrant associative algebra in M . We build the oo-category i?-line as in §7.71 

Namely, let i?-modx be the simplicial model category of i?-modules, and let i?-mod|^ be the full subcat- 
egory of R-tooAm consisting of cofibrant-fibrant i?-modulcs. Now take the simplicial nerve [HTT, 1.1.5.5] 
to obtain the oo-category 

i?-mod =^ Ni?-mod^ . 

For cofibrant-fibrant L and M, the mapping spaces i?-modx(L, M) are Kan complexes, and it follows [HTT, 
1.1.5.9] that i?-mod is an cx)-category. 

As in Definition 17. 181 define an i?-line to be an i?-module L which admits a weak equivalence 

R, 

and let i?-line be the full oo-subgroupoid of i?-mod whose objects are the i?-lines. As discussed in i|7.71 

(1) i?-lineo consists of fibrant-cofibrant i?-modulcs which are i?-lines; 

(2) i?-linei consists of the i?-module weak equivalences 

(3) i?-line2 consists of diagrams (not necessarily commutative) 

9 

together with a path in i?-mod7vi(L, A^) from gf to h, 

and so forth. This is precisely the sort of data we proposed in (jl.ip as the transitions functions for a bundle 
of free rank-one _R-modules. 

Fix a cofibrant-fibrant i?-line R° . Let 

Aut(i?°) = i?-line(i?°,i?°) C R-mod{R°,R°), 

and let B Aut(_R°) be the full sub-oo-category of i?-line on the single object R°. Since by construction _R-line 
is a connected oo-groupoid, the inclusion 

BAut{R°) -> R-\me 
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is an equivalence. Define a trivialization of an i?-line L to be an equivalence of i?-niodules 

and let the oo-category _R-triv of trivialized _R-lines be the slice category 

i?-triv = _R-line / jjo . 
As discussed in Proposition 17. 38[ the forgetful map 

i?-triv — > i?-line 

is a Kan fibration, which is a model in this setting for EGLiR BGLiR. 

B.2. Parametrized i?-lines and Thorn spectra. Now let X be a Kan complex. Suppose that we are 
given a map of oo-categories (i.e. of simplicial sets) 

f -.X ^ R-line. 

Thus / assigns 

(1) to each 0-simplex p G X a.n i?-line f{p); 

(2) to each path 7 from p to q a weak equivalence of i?-modules 

/(7) : /(p) 2. /(q); 

(3) to each 2-simplex a : A"^ ^ X, say 

P 

\ cro2 

q—-^r, 

cri2 

a path /(cr) in i?-line(/(p), /(r)) from /(cti2)/(ctoi) to /(cro2); 
and so forth. 

This illustrates nicely the idea, developed in fjTl that the cxD-category i?-line'^ — Fun(X, i?-line) is a model 
for the oo-category of i?-lines parametrized by X, and that / corresponds to a bundle 

^^X 

of i?-lines over X. 

For now, consider the diagram 

/ j 
X y i?-Hne y i?-mod. 



p 



Lemma B.l. The map of 00 categories jf admits a colimit; equivalently, there is a left Kan extension of 
jf along p. (See [HTT, 1.2.13,4.3]). 

Remark B.2. We can't take the colimit in i?-line, since i?-line does not have colimits (it doesn't even have 
sums) . 

Proof. Again we take i?-mod — Ni?-mody as our oo-category of i?-modules. According to [HTT, 4.2.3.14], 
there is an ordinary category / and a cofinal map 

k : N(/) ^ X. 

Consider 

N(/) ^ X ^ R-\me ^ i?-mod. 
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According to [HTT, 4.1.1.8], a colimit of jfk is the same thing as a cohmit oi jf- According to [HTT, 4.2.4.1], 
a cohmit of jfk is the same thing as a homotopy cohmit of 

/ — > R-modM ■ 

This homotopy cohmit exists because R-modM is a simphcial model category. □ 

Definition B.3. The Thorn spectrum associated to / is the i?-module spectrum 

Af/ = colimj/ = ho Lpjf. 

For example, let MR be the Thom spectrum associated to identity map of i?-line, or equivalently and 
more suggestively, to the inclusion 

BAut{R°) ^ R-\me. 

Proposition B.4. 

MR ~ R°/Aut{R°). 

Proof. By definition, R° / Aut{R°) is the colimit of the composite functor 

BAut{R°) ~ i?-line ^ i?-mod. 
But this is just the standard construction of the (homotopy) quotient. □ 

Before discussing orientations, we describe explicitly the mapping property of this colimit. Note that a 
functor — > i?-line is just a choice of i?-line, and we write t for the composition 

l:X^*^ R-\me. 

Lemma B.5. There is an adjunction 

i?-mod(M/, R°) ~ R-mod^{jfjL) (B.6) 

Remark B.7. The "adjunction" (jB.6|) is the oo-category analog of the usual property of the colimit. It is 
a homotopy equivalence between the indicated mapping spaces. 

Proof According to [HTT, 4.3.3.7], the left Kan extension 

p\ : _R-mod^ i?-mod 

is a left adjoint of the constant functor p* : i?-mod —> R-mod'^ . By [HTT, 5.2.2.7], this means in particular 
that for any object g of i?-mod^ and Y of i?-mod, there is a natural homotopy equivalence 

R-mod{p<g,Y) ~ R-mod^ {g,p*Y). 

Taking g = jf and Y = R° so p\g = M f and p*Y — ji gives the result. □ 

B.3. The space of orientations. With these in place, one can analyze the space of orientations in a 
straightforward manner, just as in ^ Notice that we have a natural map 

i?-line^(/,/,) ^i?-niod^07,jO; 

by definition, this is just the inclusion of a set of path components. The following Definition is equivalent to 
Definition 17. 30[ except that we need the material in fj7]to justify the notation 

i?-line^(/,i) c± Rx-\me{f*^,p*R°), 

and so forth. 
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Definition B.8. The space of orientations of Mf is the pull-back 

OTR{Mf,R) y R-mod{Mf,R) 



(B.9) 



i?-line^(/,0 > R-mod^{jf,jL), 



where the right vertical equivalence is the adjunction of Lemma IB. 5 



To describe the obstruction theory associated to cxo-groupoid or^j (M/,i?), let map^ (X, _R-triv) be the 
simplicial set which is the pull-back in the diagram 



mapj (X, i?-triv) 



{/} 



map(X, i?-triv) 



map(X, i?-line). 



That is, map^(X, _R-triv) is the mapping simplicial set of lifts in the diagram 



i 



i?-triv 

A 



-> i?-line. 



(B.IO) 



We recapitulate in the current setting the statement and proof of Theorem l7.32l 

Theorem B.ll. Let / : X — > i?-line he a map, and let Mf he the associated R-module Thorn spectrum. 
Then there is an equivalence 

mapy(X,i?-triv) ~ R-\me^{f,L). 
Proof. Let Z = R-lme'^ . We have a fibration 

I I 



Pulling back along the inclusion oi Z x l gives the fibration 

Zif,t) > iZ,L)(^'''^ 



{/} 



Z. 



The adjunction (of mapping simplicial sets) 

map(A^, map(X, i?-line)) = map(X, map(A^, i?-line)) 

identifies 

(Z, lY'^'^'^^ = map(X, i?-triv), 

and so this fibration becomes 

t) > map(X, i?-triv) 



{/} 



as required. 



□ 
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